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SUMMARY
The problem of ground-borne vibrations in buildings at low audio frequencies is often associated with
railway excitations. In order to analyse such problems, a 2D numerical Boundary Element Model,
eventually coupled to a more classical Finite Element Model, has been developed and used to study the
interaction between foundations and grounds. Several aspects of the problem are considered: the type
of ground; the type and position of the excitation; the length of the foundation; the type and size of the
superstructure; the isolation obtained through the use of damping layers.
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1. INTRODUCTION
Annoyance inside buildings due to noise and vibration is often associated with airborne sound
propagation from sources such as cars, trains and air-planes. In the case of ground-surface traffic, the
generation of surface waves can also contribute significantly to the perceived vibrations or noise levels.
In large cities, underground sources, such as subways or underground railways, must also be
considered. This type of problem is usually associated with low frequencies, since the propagation of
waves is more rapidly attenuated in soils than in the air. In the case of passenger trains, the maximum
vibration levels usually occur between 20 and 200 Hz. These frequencies are even lower for goods
trains.
The general problem of structural behaviour due to ground excitation is usually very complex. In [1] an
important bibliographical overview comprising more than two hundred references can be found; it is
concerned by the modelling of the railway sources, the propagation in the ground and the interaction
with buildings.
The ground is not very easily defined and its description as a set of homogenous layers may be only a
crude approximation to reality. Even with such a simplified description, the characterisation of the
various physical parameters (Young’s modulus, internal loss factor) using in-field measurements may
be quite difficult. Nevertheless, simplified methods can be used to analyse this problem.
Analytical approaches have been developed in the case of infinite parallel media. The interaction of an
infinite concrete slab in contact with a soil [2] has been analysed in the wave-number domain and has
allowed a good physical insight into the radiation or forced-vibration mechanisms of structures when
interacting with a ground [3,4]. The case of finite strips [5] or rectangular loads has also been treated
[6]. Such approaches enable a good understanding of wave-type effects, but do not permit the study of
complex geometries. In [7] the case of an elastic wall resting on a semi-cylindrical rigid foundation is
treated and serves in [8] as a reference situation to validate a finite element formulation. Therefore,
analytical approaches are useful to assess the quality of numerical approaches. In [9,10] a substructuration technique has been employed where different parts of the problem are treated separately
and impedance matrices describing their motion when subjected to unit excitations are built and then
assembled. This technique is best applied for rigid elements. The case of cylindrical geometries has
also been considered [11].
In order to get more precise results, the finite-element method can be used. An important distinction
must be made between finite element methods (FEM) and boundary elements methods (BEM). In the
first approach the entire domain is meshed up to a certain boundary limit at which several possible
continuity techniques can be applied; they will model the unmeshed infinite domain. An important
number of papers have been concerned by the development of such techniques. A straightforward
method consists in doing very large meshings with no particular end conditions [12,13]. Some authors
[14] artificially add absorption at these outer boundaries by different means: dampers as onedimensional systems depending on the waves and their direction or simple absorption effects. Forces
can be applied at the outer nodes [15,16,17] in order to integrate the effect of the complementary space
beyond the finite meshing. Various so-called ‘infinite elements’ have been proposed by several authors
(a review is given in [17]). They consist in special elements which terminate the meshing and which
integrate the behaviour of certain waves. [17] for instance, proposes also that the excitations are infinite
and coherent lines. In the case of train excitation at short distances, it is often considered that 2D
approaches can be used [30]. Furthermore, assuming a 2D geometry, enables the computations to be
carried out for the full frequency range of interest. Comparisons between full 3D reality and 2D
approximations have not been found in the literature. It must be pointed that the drawbacks of the 2D
approximation are probably limited when assessing relative effects. At least it as been showed for vibroacoustic problems that relative quantities such as noise barrier efficiencies are nearly unchanged when
comparing point sources and infinite coherent line sources [43,44]. An interesting direction of study
could be the use of 2D results to approach the 3D reality. Such an attempt can be found in [8] where
the non-flat top of a hill above two tunnels has been introduced after doing a 2D calculation as a
correction factor. Such corrections can be found in [13]. 3D programs could therefore be used as an
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auxiliary means of obtaining correction factors. An other line of research can be the further development
of a method proposed by [43] which permits, in the case of fluid-structure interaction, to obtain results
for point sources or incoherent sources by using a Fourier-like integration of 2D spectra. Finally, a
comparison of 2D-FEM computations made by [30] shows a good comparison between computations
and measurements in the case of a building over subway lines.such elements for plane problems
including P and SV waves. Such elements are more difficult to develop in 3D. [18] proposes a semicircular vertical limit of the meshing ended by radial infinite elements. These elements are easily
implemented in existing finite element codes and the pre-existence of a finite element program often
justifies their development since they will not modify the scarce composition of the matrices.
On the other hand, boundary element methods come from an exact integral representation of any
homogeneous medium in terms of its boundary variables. This technique is more difficult to implement
and leads to full matrices for a given domain. An important bibliographical review of BEM can be found
in [19]. Such methods are not suited for inhomogeneous media for which classical finite elements should
be used.
An alternative consists in mixing both approaches [20] where a finite part of the domain is modelled with
FEM and the outer part is modelled by BEM thus combining the advantage of both approaches. A review
of FEM/BEM coupling can be found in [21]. In practice, two different means of coupling FEM and BEM
can be used. The BEM part can be condensed into a stiffness matrix which is added to the FEM part or
alternatively the FEM part can be condensed onto its outer nodes in contact with the BEM part leading
to a combined FEM/BEM system. Reference [20] shows that the second approach is only applicable to
linear problems and that the first approach is more easily implemented in existing FEM codes.
Compatibility problems between FEM and BEM elements must be considered.
A distinction can also be made according to the problem treated such as the effect of trenches [22] or
screens [23], rigid foundations eventually interacting [24], ground inclusions [25], tunnels [26], rigid
bodies such as machines or buildings above ground [27,28] or complex problems including tunnel and
buildings with a simple approach [29] or with FEM [30].
An alternative approach called the consistent infinitesimal finite-element cell method has first be
proposed by [31] and developed by [32] and [33]. It offers the means of integrating an infinite medium
into a FEM code by a boundary process which does not require any fundamental solution as it is the
case with BEM. It relies on a double homothetic FEM meshing of the ground around a buried structure
and by assessing the action of the infinite ground by means of relationships relating the two meshings.
Other aspects such as porous media have been addressed. A review is given in [34]. In [35] a computer
program for stratified infinite porous media is presented.

An important distinction is often made between temporal or frequency approaches. The temporal
approaches [16,36,37] are well justified for seismic applications where the user is mostly concerned by
peak values of vibrations and by short-duration events. Non-linear effects are also treated in the time
domain. It should be pointed that many authors using FEM/BEM methods for the ground/structure
interaction come from the seismic field. In the case of railway applications the phenomena can be
considered linear of moderate amplitude and of sufficiently long duration so that frequency formulations
are most appropriate. It should also be pointed that frequency and temporal approaches can easily be
related by using Fourier transforms. Reference [38] compares time and frequency approaches.
Using 3D [39-42] models restricts the analysis to local effects, since the computational cost increases
very rapidly with frequency or with the size of the problem. 2D models imply that the problem is constant
along one infinite direction meaning that the geometry is infinite along that direction and
In this paper, a 2D finite-element and boundary-element program has been developed [45]. Several
features have been included in the program and tested: the choice between full BEM and coupled BEM/
FEM; the introduction of complex Green functions including parallel layers has been compared to a
more straightforward use of BEM; results using linear and constant BEM elements have been compared.
8

Several applications related to building foundations are presented. The influence of several parameters
is analysed: the type of ground; the type and position of the excitation; the length of the foundation; the
type and size of the superstructure; ground loading on foundations; structural isolation through the use
of damping layers. These examples show the high potential of 2D mixed BEM and FEM computer
programs for assessing the influence of multiple parameters on the interaction of structures and soils.

2. THE NUMERICAL MODEL
Figure 1 shows the general problem to be analysed. The geometry is 2D and planar strains are
considered. S1 and S2 represent the boundaries of the underground medium. S2 is the boundary which
corresponds to an interface between the ground and a structure. S1 is the combination of the free surface
and of underground boundaries between strata.

Figure 1. General problem: thick lines indicate interfaces between ground and structures

The finite-element technique applied to ground and structural problems has been well described by
many authors [8,47,48]. In the case of out-of-plane problems, they involve only scalar quantities and the
problem is very similar to purely acoustical situations. In the present case of planar strains, vector
quantities must be considered and, in infinite media, body waves consisting of longitudinal and shear
waves complicate the problem significantly.

2.1 The Boundary-Element Method (BEM)
The use of integral equations is, in essence, the same for mechanical or acoustical problems. For the
acoustical problem, or even for acoustical BEM formalisms coupled to classical structural finite element
methods (FEM), variational approaches have been successfully developed [49-51]. In the present case
of planar strains, apparently, only straightforward collocation approaches have been published.
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The collocation approach consists of using a discretised version of the integral representation of the
displacement field in a medium 

u( M ). I ( M ) =  [T (Q, M ).u(Q ) − G(Q, M ).t (Q )]dS + h( M )

(1)

S

G and T are the Green-solution 2x2 tensors for unit displacements and stresses [8,47,48], S
represents the boundaries of ,

u

and

t

are the unknown displacement and stress vectors on S. This

equation assumes an implicit harmonic dependence e-it. The definitions of G ,

T and S are directly

related since S is, in fact, the part of the boundary
that is not included in the definition of G and T . If G and

T are defined for an infinite medium, then S

is the total boundary of  (S1S2 in Figure 1), but if G and

T are defined for an intermediate problem

already containing part of , then S is the remaining part of . For instance, in the case of Figure 1,
if G and

T are defined as elementary solutions for the top layer of the ground, thus including the top

and bottom boundaries S1, then S will be only the boundary S2 of the foundation..
The term
to S.

h

I is a tensor which depends on the local geometry at M; it arises in the limit when M tends

is an incident term due to the excitation, such as a force at a known location.

The discretisation of equation (1) consists in meshing S which, due to the 2D restriction of the problem,
is only a set of contour lines. Straight elements, either constant or linear with one central node or two
extreme nodes, are used. Equation (1) is written for each node. If S is an interface between two media,
two components of u and two components of t must be computed at each node. As equation (1) is a
vectorial expression, it gives two equations at each nodal point. Writing equation (1) at each node, and
on both sides of the element, leads to the same number of unknowns and equations. If S is a free or a
rigid surface, then either t or u is equal to zero, and the equation is only written on one side.
Considering the case of a single body in an infinite medium, the discretised form of equation (1) can be
written as

(2)
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Indices g and s stand for the two media - ground and structure respectively - acting on S. u and t
represent, respectively, the displacements and the stresses on the nodes of S obtained after expressing
the continuity of displacement and the equilibrium of stresses. hg and hs represent the excitations due
to forces in the two media.
Beskos [47] and Dangla [8,52] proposed different ways of introducing incoming waves in medium 1,
such as Rayleigh, longitudinal or shear waves. Beskos combines the integral expressions for the
scattered field in medium 1 and for the total field in the structure by writing the total field as the sum of
scattered and incident fields. The unknowns are then the scattered displacements and stresses, and
the incident contribution becomes a solicitation vector. In medium 2, Dangla uses the integral
representation of the incident field, which is added to the scattered field on common boundaries between
media 1 and 2.

2.2 BEM combined with FEM
The main drawback of using the BEM approach is that it assumes that the media to which it is applied
are homogeneous. Furthermore, convergence may be slow for slender structures. A combined FEM
and BEM approach can be viewed as an optimum solution in which the benefits of both methods are
realised. The structures and, eventually, parts of the ground are discretised using FEM and the infinite
ground medium is modelled using BEM. The coupling approach described in [8] is used here.

In the case of a body B with outer boundary S2 in a half space of free surface S1
K00

K02

u0

F0
=

K20

K22

u2

(3)
F2

The zero index corresponds to interior nodes, uncoupled to the ground. u2 represents nodes on S2
receiving an external load F2 . The nodal forces F2 are directly related to the nodal stresses t2 in the
ground by a transfer matrix P as
F2 = P.t2
The FEM model of the body B is coupled to the BEM discretisation of the ground by eliminating the u 0
unknowns in equation (3) and expressing the continuity of displacement on both sides of S2 . The global
matrix system can then be written as

with

T11

T12

-G12

u1

T21

T22

-G22

u2

0

K*

-P

t2

F1
=

F2

(4)

F*

K* = K22 – K20 K00-1 K02 and F* = -K20 K00-1 F0 .

F0 represents a force excitation applied to the uncoupled nodes of the structure.
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Indices 1 and 2 correspond to surfaces S1 and S2; there is no t1 term since S1 is a free surface. After
solving equation (4), u0 can be obtained by solving equation (3) with u2 then known. As mentioned in
[52], K* can be obtained directly as an intermediate result of a triangular decomposition of K only carried
out for the interior nodes of B. It can, therefore, be obtained with significantly reduced computation times.

3. NUMERICAL IMPLEMENTATION
A computer program, called Mefissto, has been developed and is based on the method described in
the previous section. A problem is entered as a list of media delimited by contour lines. Any finite medium
can be modelled by either the BEM or the FEM, infinite media are modelled by BEM.
The program includes the possibility of computing Green functions G, T for stratified media using the
approach presented by Habault [48]. It consists of describing parallel boundaries by a sum of convolution
products using Dirac functions, and makes use of the theory of distributions. The Green functions are
ultimately expressed as integrals which are very similar to what is obtained by using transfer matrices
between parallel boundaries [3]. Several numerical techniques have been used to evaluate these
integral; in all cases the computation times are too high compared to those obtained using the direct
free-field Green function. This approach has been validated and its main advantage is the reduction of
the size of the full BEM matrices. Therefore it is the author’s belief that the development of optimised
and fast algorithms, as it exist for 2D line sources in air above a ground [56], would be a significant
improvement. An alternative, not easily implemented, has been partially tested; it would consist for a
given problem to compute the Green functions for a set of given pairs of source and receiver positions
and then use extrapolation techniques from these tabulated values to estimate the Green functions
required for the calculation. This seems possible since G and T are usually slow-varying with distance.
In practice, if free-field Green functions are used, any infinite boundary is meshed on a finite portion and
then automatically extended for a chosen number of Rayleigh wave-lengths. This meshing is, therefore,
automatically adapted at every frequency. Convergence is usually very fast and only a small portion of
a free surface needs to be meshed if, for instance, the behaviour of a structure is sought.
Several linear or quadratic isoparametric FEM elements (with 4, 6, 8 or 9 nodes) have been introduced.
The 4-noded element has one node at each corner whereas the 8-or 9- noded element has 3 nodes per
side plus one central node for the 9-noded element. The 6-noded element is a special thin structure
element with only two nodes along its width.
Two types of straight BEM elements have been introduced - a constant element with one central node
and a linear element [8] with two nodes at the ends. The constant element is much easier to program
since, by symmetry, the singular terms cancel out at the central nodes. The linear element needs special
care, since singular expressions arise when points M and Q in equation (1) are identical. This problem
is solved by subtracting the singular terms in order to regularise the integrals, and then by evaluating
their contribution analytically.
Another difficulty occurs when more than two contour lines are joined at a single point; this will be the
case in Figure 8, for instance. Four components for the stresses must then be defined at these points.
More sophisticated BEM elements such as quadratic elements could easily be introduced and should
be programmed in a close future; they will better match the 8-noded FEM elements since two linear
elements must be used to fit the 3 nodes on each side of this FEM element.
The final matrix is made of FEM and BEM sub-matrices. The BEM matrices are full non-symmetrical
matrices and the condensed FEM terms are also full non-symmetric matrices. The K matrix is first stored
in its original form and then in its condensed form. The program uses a unique storage table which is
addressed according to the needs such that all unnecessary terms are eliminated once used, as for
instance the uncondensed K matrix, so that the storage requirements are optimised.
12

4. VALIDATION
In order to validate this computer program, the attenuation of incoming Rayleigh waves by a horizontal
obstacle placed under the surface of a semi-infinite medium is considered. This example was first
considered by Haupt [15] and then by Beskos [47]. The obstacle is 30 cm wide and 12 cm high and has
a Young’s modulus E=1582 MN/m², a density =2400 kg/m3, a Poisson’s coefficient =0.25 and an
internal loss factor =0.4267. The ground is defined by E=46.12 MN/m², =1753 kg/m3, =0.25 and
=0.077.
Figure 2 compares the ratio of the vertical velocities on the surface with and without the obstacle as
obtained using Mefissto and as computed by Haupt and Beskos. Beskos used a BEM method for both
media, and constant elements. Mefissto predictions used BEM for both media; the contours were
meshed with linear elements. Haupt’s results were obtained with a normal FEM approach; the ground
was fully meshed around the obstacle and end conditions were applied at the outer nodes. For positions
in front of the obstacle, the three sets of results are very similar and only MEFFISSTO’s calculations are
presented. Behind the obstacle Mefissto gives results very close to those obtained by Haupt, although
Beskos claims his results to be correct. It must be emphasised that the total displacement on the surface
is the sum of the diffracted and incident components. The former is the direct result obtained after solving
the matrix system; it converges rapidly with increasing meshing. The total displacement obtained after
adding the incident Rayleigh component converges much more slowly due to interference effects
between the two components.

Figure 2. Effect of a 30 cm x 12 cm obstacle on incident Rayleigh waves.

⎯ Mefissto,o Haupt,

Beskos.

Another means of validating a numerical approach is by comparing its results with an analytical
approach. The case of a 20 m-concrete slab over a semi-infinite ground is then considered [45]. The
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analytical approach described in [35] is used as a reference. It permits the study of infinite complex
layers with such effects as porosity. A post-treatment consisting of a new spatial filtering technique
enables the modelling of plates of finite size [57] so that the results can be compared to BEM results for
a finite plate. The plate is 60 cm thick and is made of concrete with characteristics E=25000 MN/m²,
=2300 kg/m3, = 0.15. The ground is made of loess with E= 269 MN/m², =1550 kg/m3, =0.257 and
=0.10. A vertical unit force is applied at the centre of the upper free surface. Figure 3 shows a
comparison of the global loss factor  obtained for the infinite and the finite plats using the analytical
approach and for the finite plate with the BEM model.  is defined as:

=

Wi

 MV 2

where Wi is the input power, M is the mass of the slab and V2 its mean square velocity, all quantities
being defined per unit length along the infinite transverse direction. A very good agreement can be
observed between results for the finite plate. These results also show that the windowing technique
used is very efficient and that the results for the finite plate are very different from the results for the
infinite plate in the low frequency range. Above 60 Hz the waves travelling in the plate are well attenuated
before reaching the edges so that the use of an infinite-plate approximation is quite justified.

Figure 3. Global loss factor of slab on a semi-infinite ground made of loess. The slab is either infinite
or has a size 20m x 0.60 m. *
* infinite plate, analytical solution, o
o finite
plate, analytical solution, □
□ finite plate, BEM solution.

5. CONVERGENCE
When using a finite-element/boundary-element code it is essential to optimise convergence rates with
respect to meshings. Since Mefissto can either be used as a coupled FEM/BEM code or as a
BEM/BEM program, comparisons between the two approaches are possible.
The case of a vertical force of 1 N acting on a half space is considered. The basic configuration shown
in Figure 4 is used in all examples in this paper. A concrete structure of height H and width W and
characteristics E=25000 MN/m², =2300 kg/m3, = 0.15 and =0.01 is considered. The vertical unit force
acts on the ground surface at a distance D from the structure. The ground is made of loess with E= 269
14

MN/m², =1550 kg/m 3, =0.257 and =0.10. In Figures 5 and 6, D=10 m and H=5 m. Figure 5
corresponds to a vertical foundation with W=0.50 m, whereas in Figure 6, W=5 m corresponding to a
thicker body. Each figure comprises three graphs showing the error made in the computation of the
horizontal component of velocity, at 40 Hz, along the 5 m-long vertical side of the foundation facing the
excitation. N1=4, 8, 16 or 32 is the number of BEM elements used on this vertical side. The error was
obtained by referring the results to computations made with N1=64. Figures 5a and 6a were obtained
using BEM for both ground and structure, and constant BEM elements. For Figures 5b and 6b linear
BEM elements were used. Figures 5c and 6c result from a combination of linear BEM elements for the
ground and eight-node isoparametric FEM elements for the structures. On each side of the FEM
elements, the three nodes match two linear BEM elements. As can be seen in Figures 5 and 6, the use
of constant elements leads to much slower convergence than do linear elements. Figure 5 shows that
the convergence of BEM coupled to FEM is better in the case of thin structures. In Figure 6, in the case
of a massive body, a better convergence is obtained using BEM for both the ground and the structure.
In the literature, the combined use of BEM and FEM is very frequent, whereas fewer authors use BEM
also for the structures. One advantage of using only BEM is that it gives directly, after resolution, the
stresses at the nodes on the interface between the various media and it is therefore very straightforward
to compute, for instance, the power radiated by a vibrating structure into the ground.

Figure 4. Recurrent notations: D=distance between the excitation and the structure; H,W = height and
width of the structure;
F is a unit vertical force.

Figure 5. Horizontal velocity level at 40 Hz relative to N1=64. Case of a thin vertical plate: 0.50 x 5 m².
(a) constant BEM elements, (b) linear BEM elements; (c) BEM and FEM. N1=number of elements
on 5 m;
(b) + ⎯ + N1=4, * ⎯ * N1=8, o⎯o N1=16, □ ⎯□ N1=32.
(c)
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Figure 6. Horizontal velocity level at 40 Hz relative to N1=64. Case of a square concrete body: 5 x 5
m². (a) constant BEM elements, (b) linear BEM elements; (c) BEM and FEM. N 1=number of elements
on 5 m; + ⎯ + N1=4, * ⎯ * N1=8, o⎯o N1=16, □ ⎯ □ N1=32.

6. EFFECT OF ISOLATING LAYERS
In this section, the isolation of vibrations transmitted to a buried structure using protective layers is
considered.
First, a horizontal slab (thickness H=0.50 m, length W=5 m) is isolated by a protective polystyrene layer
(E=1.5 MN/m2, =150 kg/m3, =0.05, =0.10). A vertical unit force is applied to the ground surface 6
meters from the slab. In Figure 7, the space-averaged vertical velocity level of the slab is plotted
between 5 and 200 Hz, first for the slab in direct contact with the ground, then for the case of a 10- and
20-cm-thick intervening polystyrene layer. As can be seen in Figure 7, the layer is applied both to the
bottom of the slab and to its vertical sides, so that the slab is no longer in direct contact with the ground.
This results in a significant reduction of the loading of the ground. As a consequence, the velocity
spectrum, which is smoothed when the slab is loaded by the ground, recovers its modal behaviour when
the plate is isolated. The peaks at 73 Hz and 180 Hz correspond to the first bending modes of the slab
and have amplitudes higher than the velocity levels of the loaded plate. These resonances are little
affected by the thickness of the protective layer. Conversely, the first peaks, at 14 and 20 Hz for the 10cm and 20-cm cases, respectively, correspond to resonances of the slab/polystyrene (ie. mass/spring)
system and, therefore, occur at different frequencies for different thicknesses. This example points out
the drawbacks of the complete isolation of a slab-on-grade.
The case of a vertical foundation is considered next (for D=6 m, H=5 m, W=0.5 m). A 30-cm polystyrene
layer is placed around the foundation. Three configurations are studied: (i) the foundation is in direct
contact with the ground; (ii) only half of the vertical side facing the excitation is treated; (iii) the entire
vertical side is treated. Figure 8 compares the velocity levels at the top of the foundation in these three
situations, for both the horizontal and the vertical components. Treating half of one side reduces both
components; treatment of the entire left side further reduces levels at most frequencies. Coating the
entire foundation would lead to the same effects as for the horizontal slab, as seen in Figure 7. A massspring resonance for both horizontal and vertical components would occur at low frequencies, and a
‘liberation’ of the modes of vibration of the foundation would degrade the effectiveness of the protection.
This example shows that effective protection of a foundation can be obtained using a partial treatment.
Other calculations, not reported here, have been carried out in order to establish optimal lengths and
types of materials [58, 59]. Using the sound pressure levels inside buildings as an indicator, has
confirmed the possibility of reducing the noise generated by surface excitations, by placing isolating
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material between ground and underground structures. Next, experimental full-size applications will be
tested.

Figure 7. Effect of a polystyrene mat on the average vertical velocity level of slab.
+ ⎯ + no mat, * ⎯ * 10-cm mat, o
o 20-cm mat.

Figure 8. Effect of a polystyrene protection on a foundation. (a) horizontal velocity; (b) vertical velocity.
+ ⎯ + (i) bare, * ⎯ * (ii) half front, o⎯o (iii) front

7. UNDERGROUND EXCITATION
In the previous examples, the excitation was applied to the surface of the ground. Such an excitation
generates more surfaces waves than body waves and at long range they can be approximated by
Rayleigh waves. When the force is buried in the ground, more body waves are generated. Figure 9
compares the mean vertical velocity of a horizontal slab (W=5 m, H=0.5 m) positioned on top of a halfspace, when vertical unit force is applied either to the surface (D=12.5 m) or in the ground (D=8 m, at
10.5 m below the surface). In both cases the force is applied at a position 15 m away from the centre of
the plate. The velocity level for the buried excitation is between 5 and 15 dB lower than for the surface
excitation since body waves are more rapidly attenuated with distance than surface waves. In the case
of a buried excitation the response is also less smooth since the body waves will interfere with the free
surface.
The case of an underground excitation could correspond to a subway. In Figure 10 the vertical velocity
of the surface slab is compared in three cases: (i) the force is applied directly to the ground as in Figure
9; (ii) the force is applied at the bottom of a 4x4-m² hole; (iii) the hole is surrounded by four 0.5-m thick
concrete walls. Comparing cases (i) and (ii) shows that, above 30 Hz, the bare hole leads to reduced
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velocity levels on the slab. Adding concrete walls (case (iii)) leads to increased velocity levels in the
surface slab. The difference between the case of a force acting directly in the ground and the case of a
hole with concrete walls is not very marked suggesting that, in order to get correct orders of magnitudes,
a simplified description of the tunnel is sufficient.
The presence of a rigid sub-layer below the tunnel, 20 m below the free surface, is now considered. In
practice, underground media are complex and may be composed of several layers with different
characteristics. An increase in the speed of body waves with depth will result in reflected waves at the
inter-layers. Figure 11 compares the vertical velocity levels of the top slab, without and with the rigid
bottom. In the latter case, standing waves are formed between the top surface and the bottom resulting
in a more complex velocity spectrum. An increase of 5 dB can be seen to occur at these vertical
resonances. At other frequencies, both cases show similar orders of magnitude.

Figure 9. Effect of source depth on plate velocity.

Figure 10. Effect of tunnel on plate velocity level. + ⎯ + ground, * ⎯ * hole,

o

o tunnel.
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Figure 11. Effect of a rigid substratum on the vertical velocity of a slab.
+ ⎯ + half space loess ground, *
* 20 m of loess on a rigid substratum.

8. BEHAVIOUR OF VERTICAL FOUNDATIONS
The case of a vertical foundation (H=8 m, W=0.2 m) in a half space is considered. A unit vertical force
is applied to the surface (D=10 m). In order to compute the power injected into upper structures, the
behaviour of a single foundation is first considered and the influence of several parameters is studied.
Finally the influence of the upper structure is considered.
First, a buried wall can either be loaded on both sides, as for a foundation, or only on one side, as for
basement walls. Figure 12 shows the increase of the horizontal and vertical components of the mean
velocity of the wall considered, when loaded on only one side instead of both. The reduction of velocity
levels due to ground loading is larger for the horizontal velocity of the wall (bending waves). The vertical
velocity (longitudinal waves) is less affected, probably because of the vertical geometry of the plate.

Figure 12. Effect of ground loading on the velocity level of a foundation: difference between (2) one
side loaded and (1) two sides loaded. ⎯ horizontal component, o
o vertical component.
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The power injected into the foundation strongly depends on the impedance match between the ground
and the structure. The velocity of the foundation tends to be close to the velocity in the ground without
the foundation if the foundation has characteristics similar to the ground. Three types of soil are
considered by changing the Young’s modulus of the loess considered in the other examples: (i) E is
divided by 5 (to 53.8 MN/m²); (ii) E= 269 MN/m² as for loess; (iii) E is multiplied by 5 (to 1345 MN/m²).
In Figure 13 the change in velocity on the surface when the foundation is introduced is plotted for the
three cases. As expected, for the hardest soil the foundation does not significantly modify the velocity
spectrum. On the other hand, for the softest soil more than 10 dB of reduction occurs above 100 Hz, for
both velocity components. Changing the thickness of the plate also influences the results. For instance,
increasing the thickness of the structure from 20 to 80 cm reduces the mean horizontal velocity level at
the top of the foundation by 10 dB at 56 Hz.

Another interesting point relates to the influence of upper structures on the behaviour of the foundation
or, in other words, to whether or not the foundation can provide information about the power injected to
buildings. The same foundation is now extended 6 m above the ground. Figure 14 compares the mean
velocity levels of the foundation without (plot A) and with (plot B) the upper wall, and the velocity levels
of the upper structure (plot C), for both the horizontal and vertical components. The upper wall has a
strong modal bending behaviour. Curves A and B, for the foundation respectively without and with a
superstructure, are very similar; the vertical component is reduced above 90 Hz when the upper wall is
added. The horizontal component of the foundation is little affected by the upper structure; a small
difference can be seen between plots A and B at approximately 40 Hz due to the modal behaviour of
the upper wall - the bending behaviour of the foundation depends more on the losses in the ground than
on the losses in the upper structure. Comparing the horizontal and vertical components of the upper
structure (plot C), shows that above 50 Hz, and apart from the bending mode at 88 Hz, the longitudinal
component exceeds the bending one.

Figure 13. Effect of ground Young’s modulus on the velocity at ground surface, referenced to the case
without structure. (a) Horizontal component, (b) vertical component. ⎯ E/5, o⎯o E(Loess),
E*5.
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Figure 14. Effect of upper structure. (a) Horizontal velocity; (b) vertical velocity.
(A) single foundation’s velocity,
o⎯o (B) foundation’s velocity when prolonged by an upper structure,
(C) upper structure’s
velocity.

The power transferred to a building depends on the amount of energy injected to the foundation. Thus
the length of the foundation influences this injected power. The same configuration of a foundation and
an upper wall was compared for two different foundation lengths. Figure 15 shows the change in the
mean velocity level of the upper wall when the foundation length is increased from 2 to 8 m, for both
horizontal and vertical velocity components. In Figure 15a, the unit vertical force is applied to the surface
at D=10 m, as previously. The horizontal velocity component is little affected by the modification of the
foundation’s length. The vertical component is more affected; a reduction in level is observed, except
around 100 Hz where an increase in the longitudinal component is observed. In Figure 15b, the force is
still at D=10m but is buried 5 m into the ground. Again, the horizontal component is little affected, except
at 160 Hz, whereas the longitudinal component increases by 15 dB at 90 Hz. In this case, the generation
of body waves allows more energy transfer through the foundation than in the case of surface excitation.
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Figure 15. Effect of foundation’s height H. Change of velocity level of upper wall between H=2m and
H=8 m. (a) Force on surface; (b) force 5 m into the ground.⎯ Horizontal, o
o vertical component.

Comparing the average velocity levels of the upper plate for an 8-m-long foundation, when the excitation
is either on the free surface or in the ground, has shown that the modal behaviour of the upper wall is
strongly affected by the position of the excitation. When the force is buried in the ground, the resonances
appearing at 90 and 140 Hz on curve C in Figure 14a become minima; the bending modes are no longer
excited.
An important issue is the usefulness of modelling a building in such a simplified manner. Adding another
foundation and three more upper plates enables energy to propagate, waves to be converted at plate
junctions and energy to return to the ground. Figure 16 shows this more complex structure, as well as
a comparison of the velocity levels for the simple and more complex upper structures. Results are
expressed in third-octave bands, which is more convenient for a global energy-like analysis and more
appropriate in building acoustics. The longitudinal (vertical) components are of similar amplitude in both
cases. The increased complexity of the ‘building’ modifies the end conditions of the plate considered
and shifts its bending modes. Nevertheless, the orders of magnitude of the bending responses are very
similar for the two structures and, in an average sense for which only orders of magnitudes are of
interest, the two results can be considered to be very close.
Finally, and in order to better approximate reality, the case of a unit force applied directly to the surface
is compared to that of two half forces placed on a 3-m-wide and 30-cm-thick concrete slab; the velocity
levels in both the lower and upper plates are compared in Figure 17. Above 40 Hz the velocity levels
are significantly reduced in this more complex situation. This last example shows the importance of
close-range effects and the necessity of properly modelling the excitation in this case.

Figure 16. Effect of the complexity of the upper structure. (a) Horizontal velocity; (b) vertical velocity.
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Figure 17. Effect of a slab under the excitation. (a) Horizontal velocity of upper plate; (b) vertical
velocity of upper plate.
⎯ F on the ground, o
o two half forces on a slab.

9. CONCLUSION
In order to study the behaviour of structures interacting with a ground, precise models are required. In
a general way, the ground is a propagation medium which inputs energy to the foundations of buildings.
Many parameters influence the behaviour of the structures: the type of ground; the length and
dimensions of the foundations; the type and position of the excitation. A 2D finite-element model coupled
to a boundary-element model has been developed as a convenient means to study these effects. The
potential of this tool has been established through several examples for which the key parameters
describing the ground/structure interaction have been considered. It has been shown that using the
simple description of a building as a single foundation and a single upper wall gives results of the same
order of magnitude as more complex descriptions. Finally, this approach can be seen as a complement
to other approaches for the study of large buildings. For instance, Statistical Energy Analysis (SEA) [5254], which is a good means to analyse complex structures, can be extended by this FEM/BEM model,
in order to estimate the input powers to structures, imposed velocity levels and equivalent loss-factors
of structures loaded by the ground. Future work will concentrate on such a coupling of different methods.
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ABSTRACT
The study of ground structure interaction due to surface waves (trains or tramways) is undertaken using
a full BEM (Boundary Element Method) approach both for the ground and structure media. The BEM
approach leads to the discretisation of boundaries rather than domains which in 2D are simple contour
lines. Rather than using a 2D Green function, a 2.5D Green function is written for a given wave number
along the ‘infinite’ direction so that this method can be considered as a mixture of BEM and wave
approaches. The behaviour of each node is thus described by 3 components of displacement and/or
stress but meshings of the boundaries remain 2D. Post treatments which consist in Fourier-like
integrations of solutions for different wavenumbers enable to obtain solutions for point or incoherent line
excitations.
In the case of railway-like sources the use of a 2.5D approach might be expected to be closer to reality
than traditional 2D computations which would assume all sources to be coherent. Also, a 2.5D approach
leads to much faster calculations than full 3D approaches. Coincidence effects can be considered in 2.5
D but not in 2D, so that the effects of the source position along the track relative to the structure and of
the angle of incidence of in-coming waves can be estimated. Implementation in an already existing 2D
code is rather easy, the only difficulty being the consideration of new singular terms in the integrals.
Applications are made for the study of ground and foundation interaction without and with an isolating
lining where 3D effects are compared to previously obtained 2D calculations and 3D measurements on
a full-scale situation.

1. INTRODUCTION
Large cities have to face traffic problems as well as correlated issues such as pollution. Several means
of reducing or limiting the use of private cars have been attempted with mitigated success. An alternative
is the development of rail transportation. Tramways, for instance [1], which at one time were very
popular, were largely suppressed in France, in the course of the last century, in favour of car
transportation. The advantages of tramways have been ‘rediscovered’ in the 1980’s and many French
towns such as Grenoble, Nantes, Strasbourg have re-installed them. Such surface rail transportation
generates ground vibrations which once transmitted to near-by buildings will propagate and generate
undesirable noise. Such problems can be dealt with in several ways.
In [2-4] the use of isolating layers between ground and foundations has been analysed. A 2D FEM/BEM
approach has been used and tested against measurements. Discrepancies between computations and
measurements were obtained above the mass-spring frequency of the interlayer (measured attenuation
being insignificant whereas computed ones followed a classical rise after this frequency) and several
hypotheses have been made to account for these differences. Measurements or calculations? Which
was to be held guilty?
Another set of measurements of transfer functions between surface and foundation vibrations due to
tramways has also led to significant differences: measured velocity differences were found to be larger
than calculated ones. Again, questions were raised, and a culprit had to be found.
Among several explanations, the validity of the model employed has been questioned. First, the ground
has been in all cases modelled has a homogeneous isotropic half space with characteristics obtained
from measurements [14]. Second, the contact between ground and foundation has been considered to
be perfect. And last, a 2D FEM/BEM model has been initially employed. This last point has been judged
to be the most questionable. A 2D model assumes a 2D geometry and a cylindrical type of excitation
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where incident waves can only impinge normally on the structures. Consequently, this precludes all
coincidence effects. It also implies that sources are coherent line sources, whereas actual trains should
rather be viewed as incoherent line sources.
The consideration of 3D FEM/BEM models does not present more numerical –if not less-difficulties than
2D models. However, their use is restricted to simple problems, such as slabs-on-grade supporting
machines, since more complex problems are beyond the scope of PC computers. However, since in the
case of long buried walls, the most important 3D aspect is likely to be the source part of the 3D problem,
the use of a 2.5D approach seems to be the right alternative. Of course, for short walls or piled
foundations the full dimensions of the embedded structure must also be considered. By 2.5D, one must
understand that the geometry considered remains constant along a given direction, whereas the
excitation can become point-like or composed of a sum of point excitations, such as an incoherent line.
Such an approach has already been proposed by Duhamel [7] in 1996 and later used by Jean and all.
[8] for the study of noise barriers. Recently, in 2000, based on the same idea as Duhamel’s, Tadeu has
published expressions for 2.5D Green functions in the ground. In subsequent papers, he has adapted
this approach for vibro-acoustic problems through a BEM analysis in the case of an oblique acoustic
wave impinging on an infinite structure [9,10].
The objective of the present paper is to analyse ground-structure interaction for point-like or incoherent
line excitations. In section 2, the 2.5 D formalism of the Green functions is briefly re-called and its
implementation in a 2D BEM code is presented. In section 3, numerical validation is considered
whereas, in section 4, examples are reported and commented particularly in comparison with 2D
calculations.

2. THE 2.5 D BEM FORMALISM
2.1 Green functions
The 2D FEM/BEM program MEFISSTO [2] is based on a combined use of FEM and BEM. A literature
survey is also given in [2]. In practice, a given problem is subdivided into sub-domains, usually
characterised by media having different physical properties. Each sub-domain can be modelled either
by FEM or BEM, the latter being compulsory for unbounded domains. FEM matrices are condensed
onto the unknowns corresponding to the outer nodes of a given sub-domain thus leading to a full matrix
analogous to a BEM matrix. The matching between sub-matrices is done with the classical consideration
of continuity of unknowns –displacement and /or stresses- at common boundaries. More details can be
found in [2]. Transforming MEFISSTO into a 2.5 D program would involve both the modification of both
its FEM and the BEM parts. In this work, only the transformation of the BEM part of MEFISSTO is
undertaken. As we shall see it is mostly based on the use of a special Green function, whereas the 2.5D
transformation of the FEM part would involve the development of spectral finite elements as already
proposed by S. Finnvenden [12]. This restriction will limit the applicability of the approach to isotropic
homogeneous sub-domains.

The general 2.5D BEM solution to point excitations in infinite media (Green functions), both for airborne
or structure-borne / ground problems, is based on the study of a set of 2D problems. Each 2D problem
corresponds to a line excitation with a given wavenumber dependency kz along the infinite z direction.
The solution to a point excitation (acoustic source or force) is then simply obtained by carrying a Fourier
integration over the individual solutions.

Consequently, the 2.5D BEM approach relies upon the knowledge of a set of 2.5D Green functions.
Each function is the solution to an excitation P2 which consists in a Dirac function in the 2D x-y plane
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and a sinusoidal dependency along z:

P2=  ( x) ( y)e i (t −k z z )

In [9], Tadeu first starts from the expression of the 3D Green solution to a point load P3=
 ( x) ( y) ( z) as a combination of two potentials Ap and As, solutions of two Helmholtz equations.
Next, Tadeu uses the fact that the response to load P2 can be obtained by applying a spatial Fourier
transform in the z-direction to these Helmholtz equations. Using the properties of Fourier transforms and
the expressions for Green tensors of displacement G and stresses T in terms of Ap and As leads to the
2.5D expressions of G and T. These expressions have been fully published in [9].

When programming Tadeu’s expressions for G and T, a certain number of verifications can be made to
ascertain their correctness. First, the values for kz=0, must correspond to the 2D solutions. Second, the
well-known 3D Green 3x3 tensors must be recovered if the Fourier integration over kz is made:



G( x, y, z ) =  G( x, y, k z )e −ik z z dk z

(1)

−

where the double bar denotes a 3x3 tensor; Gij is the displacement in the jth direction at point xM, yM, zM
for a unit force in the ith direction at point xQ, yQ, zQ; x, y, z are the relative components between Q and
M; dkz is the resolution of the kz sampling. When evaluating (1) the aliasing limit of zmax=/dkz must be
respected.

2.2 The BEM approach
Figure 1 shows a typical 2D situation. In this case, three sub-domains with different properties must be
considered: the half infinite ground, a building and a tramway platform, both infinite along z. As
previously mentioned, this problem is solved for a vertical, infinitely long line excitation –which appears
as a vertical point excitation in the xy plane- with a kz dependency along z; it corresponds to a wave
impinging on the structure with an increasing angle as kz increases. kz=0 corresponds to the 2D solution
with cylindrical waves normally impinging on the building.

Figure 1. Geometry of the 2.5 D problem. Constant geometry along z.
Line excitation, with a harmonic dependency along z.
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For each sub-domain the 3D displacement u can be written [17] as

u(M ).I ( M ) =  [T (Q, M ).u(Q) − G(Q, M ).t (Q)]dS
S

+ h( E, M )

(2)

t represents the stresses; h is the free field excitation; G and T are the 3x3 Green tensors
I (M ) is a tensor which is related to
respectively for displacement and stresses, as given by Tadeu;
where

the position of M with regard to the boundary S of the sub-domain and is unity for points away from S.
For the half-infinite medium, S is first considered to be the portion of the problem contained in a finite
half cylinder or radius R (see Figure 1). By letting R tend towards infinity and by using the radiation
properties of G and T only the upper free surface remains. Free traction conditions on the ground-air
interface are introduced. Even then, the top ground-air surface which remains is of infinite extend. Proper
radiation considerations can be omitted in practice if one meshes the top surface over a length of a few
Rayleigh wavelengths around the region of interest since global losses are usually very important.
Although u , t , G and T are 3D vectors and tensors the major advantage of the present approach is
that only contour lines in the xy plane must be discretised. Once the programming effort has been made,
the computation for a given kz is only slightly more expensive than for the corresponding 2D situation
and the increase of computation time is solely due to the addition of the uz and/or tz components at each
node. The numerical transcription of (2) is classical [17] and consist in discretizing the boundaries in a
finite number of meshes and nodes. Constant, linear of quadratic elements can be programmed. Here,
only linear elements have been implemented. By writing (1) at each node and in each sub-domain one
obtains a square, full matrix system in terms of the unknown displacement and stress components at
the nodes.
The major difficulty, as for any BEM approach, is the treatment of the singular terms which arise when
the distance r between M and Q in (1) tends to zero. By considering the behaviour of each component

G and T when R tends to zero, one can express the limit behaviour in an analytical form in terms
of Log(r) or 1 / r functions which can be analytically computed. In practice, these singular terms are
of

subtracted from G and T so that numerical integration schemes can be employed. The analytical
integration is added to the regularized integrals.
Once the solution is obtained for a chosen set of kz wavenumbers, the values of u (or t ) can be
computed for any point force using expression (1) with the classical Fourier sampling precautions.
Validation
To validate the programmed 2.5 D version of MEFISSTO, a first simple situation has been considered.
In numerical modelling, the authors feel that the validating part is paramount, and the obtaining of
reference solutions is crucial. The idea behind the proposed test is somewhat analogous to the image
source approach used in acoustics. We consider (see captions in Figure 2) the case C1 of a unit force
at E parallel to an infinite rigid top surface S of a semi-infinite ground. Case C2 is obtained by removing
the free surface and by introducing a mirror excitation at E’ the symmetric position of E with respect to
S. 2D computations have showed that the horizontal displacement ux in both computations are nearly
identical. In 3D, two calculations are made. First, problem C2 can be directly computed by summing the
two 3D well known free field Green functions [17] for sources at E and E’, whereas the 2.5D solution to
problem C1 is obtained using MEFISSTO-2.5D. The ground here considered is made of loess with
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characteristics (E=233 MN/m2, =2400 kg/m3, Poisson’s coefficient =0.24 and a loss factor =0.1); the
unit horizontal force is placed 5 m below the rigid boundary.
Figure 2 shows at 100 Hz, the horizontal velocity along the vertical axis between S and E as a function
of the distance relative to E. Both solutions are found to be very similar. It must be noted, unfortunately,
that this test only validates the

G.t terms in (2) since u = 0 on S.

Figure 2. Computation of the G.t term at f=100 Hz. Horizontal component of the velocity
computed (
) summing the direct plus the image source 3D solutions and (
BEM computation..

) 2.5D

Another test can be made with the computer program named CASC-S [13] for layered infinite media
and which is based on a transfer matrix semi-analytical approach.
Figure 3 represents the two situations considered. The analytical computation considers the case of an
infinite 40-cm thick concrete wall in contact, on one side, with a ground made of loess (E= 269 MN/m²,
=1550 kg/m3, =0.257 and =0.10) and excited by sets of uncorrelated –P or SV- waves arriving from
all directions in the ground. The average velocity on the wall is referenced –insertion loss- to the velocity
at the same position in an infinite ground when excited in the same manner. The BEM computation has
been carried in the case of a vertical 20-cm thick foundation of infinite length along z but with a finite
height of 10 m. The excitation is either an infinite line of coherent vertical forces (2D), a point force or
an infinite incoherent line of vertical forces (2.5 D post-treatments).
The average velocity –bending and longitudinal-components on the structure are referenced (insertion
loss) (Figure 4) to the velocity in the half space at the same location and for the same kinds of
excitations. The insertion losses on both components –horizontal and vertical- of the velocity are
compared with the analytical insertion losses for P and SV-waves respectively. Although the analytical
and BEM problems are not strictly identical it seemed beforehand that the horizontal component of
velocity on the foundation when excited by an infinite incoherent line source could be viewed as being
similar to the horizontal velocity component in an infinite ground when excited by a diffuse set of Pwaves. Similarly, the vertical-longitudinal component of the velocity obtained by BEM has been
compared with the vertical component obtained in the analytical case for an incident SV diffuse field.
Figure 4 shows a good comparison between the analytical approach and the BEM calculation for
incoherent line or point sources. The 2D longitudinal BEM solution for coherent line sources shows a
stronger difference with 2.5 D results than the bending results; this justifies the need of carrying 2.5D
calculations. As already mentioned the two problems of Figure 3 are not strictly identical but the
similarity of the results shows that the analytical approach will lead to very satisfying results for this
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simple case. These comparisons can also be seen as a further validation of the 2.5D BEM program
which contrary to the analytical program is capable of handling more complex problems.

Figure 3. Effect of a structural inclusion on ground borne velocity. 1) Analytical computation: incident
diffuse field for P or SV waves on an infinitely long vertical surface. 2) BEM computation on a surface of
infinite length in the z direction and a finite vertical cross-section.

Figure 4. Computation of the velocity on a vertical foundation in contact with the ground on one side
relative to the velocity in full ground
Finally, it is interesting to point out a last test. It is possible to split a given domain of constant properties
into sub-domains of identical properties. The continuity of displacement and stresses allows for such
decomposition and this test is a further validation of the correctness of the computer program.
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3. NUMERICAL APPLICATIONS
3.1 Isolating layers on foundations
MEFISSTO has originally been developed to study the isolation of foundations by means of isolating
layers of soft material such as polystyrene [2,5,16]. Numerical results of 2.5D computations can be found
in [6] and measurements have been presented at ICSV8 in Hong-Kong [4] for the configuration
represented by Figure 5. It consists in a swimming-pool like structure made of five 20 cm-thick concrete
walls and bottom. The walls are 3.5 m high, with 2.5 m under ground level. The ground surface is excited
by dropping heavy masses on 1x1 m 2 concrete slabs regularly spaced along two lines parallel to the
structure. The chosen masses and dropping heights induce ground vibration spectra similar to those
induced by tramways.

Figure 5. Experimental facility for the measurement of the efficiency of isolating layers. Schematic 2D/2.5
D representation.
This is showed in Figure 6 where the vertical surface velocity measured 3 m away from a mass dropped
on two of the slabs are compared with the surface velocity measured 3 m from a tramway not far away
from our site. The results are very similar.
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Velocity levels on the structure walls have been averaged for several measuring points. These mean
velocity levels have also been averaged for droppings at the seven positions along a given line (four
positions in practice due to symmetry) thus reproducing the incoherent excitation due to the passing of
a tramway. Two sets of measurements have been made, first without protection and second with 10 cm
of polystyrene placed between the ground and the vertical wall facing the excitation line. The efficiency
of the protective layer has been defined as the difference of the averaged velocity levels on the treated
wall without and with protection. The ground characteristics have been measured according to [15] E=1.5 MN/m2, =150 kg/m3, =0.05, =0.10.

Figure 6. Measured velocity spectra 3 m from the excitation. (o) dropped mass, two different locations;
tramway excitation.
Figure 7 shows the comparison of efficiencies measured and computed using 2D BEM assuming infinite
coherent line excitation.

Figure 7. Measured and 2D BEM computation of the isolation efficiency of 100 mm of elastified
polystyrene. Velocity level without treatment minus velocity level with treatment.
Measurement
2D FEM/BEM
Measured results show a reduction of wall vibrations between 16 and 63 Hz. Above 63 Hz, little efficiency
has been measured. On the other end, computations show somewhat more expected results. The low
frequency part of the efficiency agrees well with measurements. The dip at 50 Hz corresponds to the
mass spring frequency of the layer-wall combination. Above this frequency the efficiency is again
positive as would be the case for and ideal mass-spring system. This high frequency efficiency has not
been found by measurement and several explanations have been proposed for this discrepancy ranging
from the criticism of the higher frequency measurements to the inadequacy of the model for the real
situation tested. Could the ground be considered to be a simple homogeneous dry half space? Could
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the contact between ground and structure be considered as perfect? Could the characteristics of the
layer –such as its thickness - be unaffected by the ground loading? Could the problem be reasonably
approached by a 2D model? This last question has been considered particularly worth investigating. At
this stage it must be pointed out that the structure considered for measurements has a finite length of
10 m; it cannot therefore be considered as being infinite as required with the 2.5 D approach. In order
to assess the effect of this finite length, 2D computations have been made for a fully buried 20-cm thick
wall of length L -which is part of a rectangular tunnel- first bare then covered by 10 cm of polystyrene.
Different excitations have been considered. It has been observed that the efficiency of the protective
layer on the bending velocity was little modified by increasing L from 10 to 20 m. The spectra content
although not strictly identical show similar orders of magnitude. This suggests that the finite size of the
testing facility is not of prime importance.
Figure 8 shows, at 20, 31 and 50 Hz the vertical velocity Vy along the line A-B-C-D-E (see Figure 5) as
a function of kz. A-B corresponds to the free surface between the line source and the structure. Along
BC and DE, Vy corresponds to longitudinal waves in the structure whereas along CD it can be associated
to bending behaviour. On each graph the value of the Rayleigh wave number kR(f) is indicated and can
be seen to be a limiting value above which Vy(kz) rapidly decreases since a given kz corresponds to a
wave impinging on the foundation with an angle equal to sin-1(kz/kR).

Figure 8. Vertical velocity Vy along AB(surface)-BC(front wall)-CD(bottom slab)-DE(rear wall) as a
function of the integrated wavenumber kz ; kR is the Rayleigh wavenumber. Co-ordinates according to
Figure 5.
The calculation of the 2.5 D solution for a point excitation is done by carrying the integration (1) in term
of kz, in theory up to infinity but in practice only on a finite interval. Figure 8, shows that the required
integration interval depends on the distance between source and receiver, the closer the receiver and
the larger the integration range needed.
In order to recover the solution for an incoherent line excitation, the solution must be integrated
incoherently for a set of point sources along the source line. Figure 9 shows the 3D velocity for a vertical
unit point force at z=0, for an untreated structure. Each graph corresponds to a different frequency. The
horizontal axis follows the ABCDE contour, whereas the vertical axis corresponds to the z axis parallel
to the infinite structure. These 3D maps show the attenuation along z, which is more rapid for increasing
frequencies. Carrying the computation for an infinite incoherent source line will only require the
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integration to be made for a finite length along z, the higher the frequency the shorter the integration
length.

Figure 9. Representation of the 3D vertical velocity Vy along A-B-C-D-E and z, after integration in terms
of kz. Excitation at x=A, z=0. Line AB is the ground/air interface, BCDE is the buried structure contour
Figure 10 confirms this, by showing the effect of increasing the integration length. The horizontal and
vertical velocities along ABCDE are plotted, at 50 Hz, for different integration lengths relative to a
computation made for a much longer length. The convergence is obtained for an integration length of
40 m. A tramway can be considered as being little different from an infinite incoherent line source.

Figure 10. Effect of the length L along z of an incoherent line source at 50 Hz. Velocity level along the
ABCDE contour; relative to the velocity of an infinite incoherent line. Line AB is the ground/air interface,
BCDE is the buried structure contour
Figure 11 represents, at 40 Hz and 160 Hz, the insertion loss on the vertical component of the velocity
Vy along ABCDE and z for a unit vertical force at z=0, when 10 cm of polystyrene is added along the
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front vertical wall (BC). The attenuation can clearly be seen on the foundation contour BCDE. Stronger
reductions are obtained at 160 Hz.

Figure 11. Insertion loss on the vertical velocity Vy after integration in terms of kz . Excitation at x=A,
z=0; 10 cm of polystyrene placed along a buried wall (segment BC, see Figure 5). Line AB is the
ground/air interface, BCDE is the buried structure contour.
Figure 12 shows along BC (the treated wall) the attenuation of velocity at different frequencies, for both
a coherent and an incoherent infinite line source. The differences between both types of excitations are
more important for the horizontal component (bending) The coherent computation shows stronger
variations along the wall for this component, the incoherent results for bending being smoother.

Figure 12. Velocity attenuation in dB along a treated buried wall (line BC in Figure 5) due to the addition
of an isolating layer. Vertical line excitation. Upper graphs: horizontal attenuation, lower graphs: vertical
attenuation.
2D (coherent)
3D (incoherent)
Figure 13 represents the rms velocity levels, without and with treatment, for coherent then incoherent
line sources. One can notice that the 3D velocity levels are lower than the corresponding 2D levels. The
differences between both types of sources are reduced for increasing frequencies.
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Figure 13. 2D (coherent line source) and 3D (incoherent line source) vertical velocity levels of a buried
wall (line BC in Figure 5), without and with a protective layer.
Figure 14 shows the efficiency (rms velocity level without treatment minus rms level with treatment) of
the 10 cm-thick isolating layer for infinite coherent lines of excitation and 20 m- or 200 m-long incoherent
lines, the latter being similar to an infinitely long line. The consideration of 3D sources results in a
reduction of the efficiency, especially for the bending component. However, the efficiency remains
largely positive throughout the whole spectrum. The consideration of a more realistic source of excitation
does not suffice to explain the discrepancy between computation and measurements in Figure 7. Either
some unidentified measurements problems or a discrepancy between real and simulated situations
must be held responsible. More and better controlled measurements/computations are still needed
before using the BEM approach as a blind simulation tool. It is our feeling that the complexity of
underground / structure interaction is far from being as simple as the semi-infinite problem considered.
Although not reported, computations with more complex undergrounds have not been able to capsize
the computation/measurements differences.

Figure 14. 2D and 3D efficiency of a 10-cm polystyrene layer placed along a buried wall
(line BC in figure 5).
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3.2 Surface-foundation transfer functions
Another important potential application for predictive models is their ability to estimate the transmission
of vibrations into foundations from surface velocity measurements. The pre-knowledge of surface
induced vibrations and the computation of velocity transfer functions between surface and foundations
is particularly important for building or tramway implementation. Such transfer functions were calculated
in Figure 4 and the comparison between 2.5D BEM and a semi-analytical approach appears very
satisfactory which, in our mind, validates both models. In this case, measurements –not reported- were
also found to be in poor agreement with calculations. Again, the 3D effect was not sufficient to recover
the experimental results. Nevertheless Figure 15, shows the different surface/foundation transfer
functions computed for different source assumptions. The largest difference –in the order of 10 dBappears between 2D (coherent vertical line force) and vertical point force excitation. So, again 3D effects
are found to be significant but not sufficient to obtain a good comparison between computations and
measurements.

Figure15. Velocity level difference between surface vertical velocity level (LV1) and foundation ‘bending’
velocity level. Influence of the excitation type.

4. CONCLUSION
The modelling of ground-structure interaction is complex. At best, it can be modelled by using 2D BEM
models which assume that the problem can be described by simple homogeneous isotropic subdomains. The source and the geometry are then assumed to be constant along an ‘infinite’ direction.
The combined use of FEM allows for a somewhat more complex medium, where sub-domain properties
may vary between elements. Connection between sub-domains assume a perfect continuity of
displacements and stresses.
However, these assumptions are seldom verified. Among many effects, this paper concentrates on the
source assumption. As suggested by several authors [9-11], it is possible to considerer 2.5D situations
where the geometry remains 2D but where sources become 3D such as point forces or incoherent lines.
The trick is done by solving a set of modified 2D problems and by Fourier transforming the solutions. By
using modified Green functions, each 2D problem still has the advantage of considering 2D boundaries,
but each variable (stresses and displacements) is now 3D. Validation has been partially obtained in
simple cases.

39

The initial aim of this work was to improve numerical / experimental agreement. Poor success has been
obtained and it seems that efforts should be made in the control of experimental and numerical
conditions.
An important conclusion of this work is that the consideration of 3D sources is easily feasible starting
from an existing 2D BEM program and that the consideration of incoherent sources leads to significantly
different results. A further extension of this work will be the introduction of 2.5D FEM elements which
are the counterpart of the special Green functions employed here, since a wave description along the
infinite direction has already been proposed by S. Finnvenden [12] under the name of spectral finite
elements. Other aspects such as non-perfect ground / structure interaction should also be considered.
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ABSTRACT
An existing 2.5D FEM-BEM model is extended to predict sound pressure levels inside buildings.
Previous studies have showed that a 2D approach lacks precision. The 2.5D model will approximate
volumes as infinite ducts. By introducing a 3D modal-based acoustic model of the volumes, the proposed
approach will be one step closer to the full 3D reality. The mixing of 2. 5D and 3D models has been
named 2.75D. Two different ways to compute sound radiation are proposed: an energy radiation
computation or a 3D modal approach. A comparison of 2.75D and 3D computations has been done in
the case of a simple building parallel to the tracks. The validity of this simplified approach is discussed.
Last, the engineering approach proposed in the European project RIVAS is compared to the 2.75D
model.
Keywords: BEM, FEM, 2.5D, hybrid approach, soil structure interaction

1. Introduction1
Annoyance created by the passage of trains is a subject that has become particularly relevant in
large cities where both underground and surface rail transportation are constantly implemented. In
France, for instance, tramways have been installed or re-installed in the largest cities (Grenoble, Lyon,
Nantes to name a few). Unused train tracks are also sometimes been put back into service. Also, with
the high value of land in cities, buildings are now being constructed very close to railways despite the
extra-cost incumbent to the need for protection against vibrations and structure borne noise. Last,
underground projects are also in full expansion with, for instance in France, the “Grand Paris Express”
project where 200 km of new lines where more than 160 km of tunnels will be constructed in the next
15 years. Consequently, developers and city planners must consider the possibility of ground-borne
noise issues and there is a need for numerical tools to consider such aspects well ahead of new projects,
but also in rehabilitation processes.
Several aspects must be considered. First, is the problem mostly three dimensional (3D) or can 2.5D
approaches be used? By 2.5D we refer to a situation where the geometry is infinite in the z direction
(parallel to tracks) and where sources, contrary to 2D, may vary along z (point forces or sums of
uncorrelated forces). Then, can straightforward FEM codes be employed, or should one prefer coupled
FEM/BEM (Finite Element Method/Boundary Element Method) approaches? What approach should be
employed to predict noise levels inside buildings?
The problem of train induced noise levels inside buildings is not new, but the means employed for its
study have evolved with time mainly because of the increase of computing resources capable of
handling the frequency range of interest which goes from 10 to 250 Hz. Simple engineering approaches
based on measurements or empirical laws have first been used [1] and are still being developed [2]. In
the 1990s, SEA (Statistical Energy Analysis) based approaches have been employed [3,4], despite the
low frequency range to consider, inherent to structure-borne noise problems which makes SEA
approaches less accurate than more detailed numerical approaches.
On the other hand, FEM and BEM methods have been employed by many authors to solve soilstructure interaction problems. A detailed biographical report covering respectively 237 and 155 papers
papers can be found elsewhere [5,6]. Using FEM is more frequent [5] since it can easily be achieved
using commercial software; by using peripheral absorption [7], the problem of wave reflection at the
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boundary of meshings can be controlled. BEM on the other hand is more complex to implement but is
more efficient for unbounded domains [5]. Combining BEM and FEM [8,9,10] offers a good compromise
in terms of computation times, FEM being best for slender sub-domains such as structures (buildings,
tunnels). The choice between 2D [11] and 3D models is usually dictated by computation times. Modelling
large domains in 3D, particularly using FEM, will be limited to low frequencies. The 2.5D model [12, 13]
has been found to be a good compromise in many situations: it assumes an invariant geometry along
one dimension, but contrary to 2D approaches the case of point forces and finite incoherent line sources
-such as a train- can be considered. The 2.5D approach can be implemented both with BEM and FEM.
The quantity often sought is the noise radiated inside 3D volumes. The simplest way to compute
structure-borne noise levels is to apply a radiation efficiency to average velocities of floors and walls. A
more complex approach can be found in [14,15] where radiation phase is considered. It has been shown
[16] that the computation of low frequency noise radiation requires the knowledge of the phase.
In [17,18] the coupling between a 2.5D BEM model for the ground-foundations has been combined
with a full 3D FEM model for a building by means of a mobility approach inspired from soil machinery
interaction. Finally, one can also quote periodic 3D models for the modelling of tunnels [19] where only
a 3D portion is discretised.
In this work, a FEM/BEM code named Mefissto [20,12,21] has been employed and further extended
to include noise radiation. Several past studies have showed (by comparing 2D, 2.5D and 3D
computations) that, first, 2D computations miss important physical phenomena leading to erroneous
results while 2.5D approaches are particularly well suited to the study of ground/structure problems
mainly because of large dissipation in soils [12]. The problem of underground tunnel excitation has been
presented as well [22,23] where the precision of simulated results against measurements in existing
tunnels with train traffic was showed to be very satisfactory, later allowing train/track models to be
precisely tuned in order to forecast vibration transfer from tunnel up to buildings in future projects.
The question of noise prediction inside buildings is here tackled with an original hybrid model. A
combination of 2.5D results for the vibration of walls is combined with 3D computations in rooms either
with an energy approximation or with a full modal approach. The modal-based approach has been quite
logically called 2.75D [15], and has been assessed by comparing results against fully coupled 3D FEM
computations. The influence of the “missing” transverse walls in the 2.75D computations is also
evaluated against reference 3D FEM computations. Last, the engineering approach proposed in the
European project RIVAS [2,24] is evaluated.

2. The 2.5D FEM/BEM model
The Mefissto software is a 2D, 2.5D and 3D FEM/BEM model [12,18,15,20,22,23] which allows the
user to divide an existing problem into any number of sub-domains and to apply either the FEM or the
BEM approach in each-subdomain. FEM approaches, which meshes the whole sub-domain, are usually
preferred for structures (tracks, tunnels, buildings, barriers,..) while BEM, which relies on the meshing
of the domain’s boundaries, offers the advantage of economically dealing with not fully bounded subdomains, typically soils but also massive structures for which the BEM can become faster than FEM
[20]. Part of the ground with inhomogeneous properties can be modelled with FEM. Using BEM for
buildings has been found slow to converge. Soil interlayers can in principle either be modelled as BEM
boundaries (actually modelled as boundaries with a length varying according to frequency) or introduced
into a complex Green function. In Mefissto, both approaches have been programmed, but meshing the
interlayers was found to be faster in 2D and in 2.5D than using complex Green functions. Also, the
meshing of the soil boundaries avoids the restriction to canonical situations. Note that, in 3D,
computation times argue in favour of the use of complex Green functions. It should also be noted that
in Mefissto the meshings are done automatically at each new frequency with multiple user-defined
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criteria.
The 2D reference plane is the xy plane and the third infinite direction is chosen as z.
By 2.5D we mean a problem where the geometry is invariant along z but which contrary to 2D may
handle a variation of the excitation along z. In practice, we consider the excitation to be made of a set
of uncorrelated point forces representing a train of finite length. The 2.5D solution is obtained by a
Fourier-like integration over the results obtained for a set of wavenumbers kz [25,12]. For each problem
the source is a line excitation along z varying as kz as showed in Figure 1b.

Figure 1 – Schematic representing the 2.5D approach, in which the geometry is invariant along the
z axis; different 3D point forces can be applied (left). This result can be achieved by integrating over
wave-type excitations in the z direction (right).

The 2.5D BEM makes use of the 2.5D Green functions proposed by Tadeu [25] which depend on
both frequency f and wavenumber kz. The 2.5D FEM formalism is based on the classical FEM formalism
and uses the kz dependency in the z direction to replace d/dz derivatives by kz products [26]. For both
FEM and BEM, each 2D node has 3 components for displacement and/or tractions. At each frequency,
the selection of the proper kz values is very important for both precision and computations times and is
optimized with regard to the final 2.5D result. For any desired quantity, such as the velocity V at a given
position x,y,Δz (Δz is the relative z position between force and receiver ) and a given frequency f, the
2.5D solution is obtained as
∞

𝑉(𝑥, 𝑦, ∆𝑧, 𝑓) = ∫−∞ 𝑉(𝑥, 𝑦, 𝑘𝑧 , 𝑓)𝑒 −𝑗𝑘𝑧∆𝑧 𝑑𝑘𝑧

(1)

Multi-tractions problems which occur at geometry corners or when more than two media meet (which
can yield to a situation in which there are more unknowns than equations due to the separation of
tractions) are automatically dealt with using the “fictitious node” approach proposed for 2D problems in
[27] and extended to 3D problems in [21].

3. A hybrid 2.75D approach
When dealing with a building in 2.5D, we obtain a geometry which does not contain any transverse
xy partition, each 2D “volume” is in fact, in 2.5D, an infinite duct (Figure 2). In order to compute the
sound pressure level in a finite volume, we define fictitious partitions placed, say between z 1 and z2, and
compute the normal velocity V on the four xz and yz finite surfaces, thus defined, on regular grids. These
velocity fields are then used to compute the sound pressure at any point in the volume. Absorption in
each volume is entered as a reverberation time T or as an internal loss factor η. This approach assumes
one way coupling from wall to volume and that there is no action of the pressure field in the volume onto
the radiating walls.
Two different computation models have been studied: energy radiation (ERM) and modal coupling
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(2.75D). Both approaches are detailed below.

Figure 2 – Infinite “duct volume” and definition of a fictitious 3D volume Л between z1 and z2, with 4
walls. Origin at left lower corner.

3.1

Approach 1: energy radiation model (ERM)

With this approach, the sound radiated by each of the four surfaces, defined in Figure 2, is simply
computed using an energy approach by means of a sound radiation efficiency σ leading to the rms
sound pressure P computed as:

𝑊𝑖 = 𝜌𝑐 𝑆 𝜎𝑖 𝑉𝑖2

;

𝐴 = 𝑆𝛼 =

𝑃2

∑4𝑖=1 𝑊𝑖
= 4𝜌𝑐
𝐴

60 Л

1.086 𝑐 𝑇

(2)

where 𝑊𝑖 = 𝜌𝑐 𝑆 𝜎𝑖 𝑉2𝑖 is the power radiated by surface Si, A is the total absorption area (which can be
related to the reverberation time T using Sabin’s formula), Л the total volume, 𝛼 the average absorption
coefficient and Vi is the rms velocity of wall i; σ the radiation efficiency which can be computed by means
of analytic expressions such as Maidanick’s [28] or the Ver [29] formulas or can be alternatively input
from separate computations. The Maidanick formula will be employed here.
Note that this approach makes the following assumptions: i) each third octave band contains several
structural and acoustic modes, ii) all modes in a given frequency band respond with the same amplitude,
iii) all walls radiate independently (energy summation of rms acoustic pressure contributions of the four
walls).

3.2

Approach 2: modal volume Green function (2.75D)

In this case, one can write that the complex sound pressure field P(M) existing at any point M in the
volume due to the vibrating surfaces is given by [30]:
𝑃(𝑀) = −𝑗𝜌𝜔 ∫𝑆 𝑉(𝑄)𝐺𝑉 (𝑀, 𝑄)𝑑𝑆(𝑄)

(3)
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where GV is the response (Green’s function) of the volume for non-vibrating boundaries but including
absorption deduced from the value of T and/or a volume loss factor, and S is the set of all vibrating
surfaces.
GV is computed using the standard modal approach with cosine modes. This approach assumes the
absence of feedback from the volume onto its boundary velocity which is a reasonable approximation
for large volumes such as rooms (more details on the verification of this assumption are given in the
next section).
In a parallelepipedal volume of dimensions V=Lx * Ly * Lz , the Green’s function is expressed as [30]:

GV ( M , Q ) = 
lmn

Llmn ( M ) Llmn (Q )
N lmn [(k 02 − k lmn ) + j lmn ]
2

(4)

In which the following notations have been used:

N lmn =  l  m nV / 8
 lmn =

i=2 if i=0, =1 otherwise


x

+ y + z )
2c Lx  l Ly  m Lz  n


(

Llmn ( M ) = cos(l xM / Lx ) cos(m yM / Ly ) cos(n zM / Lz )
Llmn is the modal response of mode lmn for rigid boundaries; pairs of parallel plates are supposed to
have an identical and constant diffuse field absorption coefficient αx , αy or αz. In practice, for parallel
plates having different d, their mean value is retained. A volume loss factor can be introduced by using
a complex wavenumber K2 = k02 (1 –j η0)
.
Then, the spatially average sound pressure level can be computed in any sub-volume of Л by
selecting a given number of random positions. Equation (2) implies that at any receiver position, contrary
to the ERM computation, the contributions of the walls are summed in phase. Computations where the
pressure contributions for each wall are summed as rms values are also possible for analysis purpose.

4. Validation and numerical results
Several aspects of the 2.75D approach detailed above are now considered:
(i)

the one way coupling between wall vibrations and volume acoustics

(ii)
(iii)

the validity of approaching a building of finite length (Lz) by a 2.5D geometry of infinite extend
the influence of the missing transverse xy walls, as well as the reduced number of structural
junctions compared to a full 3D situation where each volume is delimited by 6 surfaces.
the influence of the number of applied forces along the z axis

(iv)

Each aspect is treated separately. Besides, in the rest of this work, E, η, ρ and ν refer respectively to
the Youngs’ modulus, hysteretic damping, density and Poisson’s ratio. The air properties are assumed
to be c0=340 m/s, ρ0=1.3 kg/m3 and η0=0.01.
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4.1

Validation of the decoupled approach

To validate the decoupled approach, we first consider the case of a single 3 * 2.5 * 3.5 m3 6-walled
volume excited by a normal point force at position (0,1,1) (in meters), acting in the x direction
(perpendicular to the left wall). The 8 corners are blocked. Each wall is assumed to be 20 cm thick and
made of concrete (E=28 GPa, η=0.05, ρ=2440 kg/m3, ν=0.31).
Two 3D-FEM computations have been done with the Nastran commercial software, either with or
without acoustic elements in the volume, therefore assuming either full vibroacoustic coupling or the
one-way coupling described above. In the second case, the normal velocity on each surface is used to
compute the average acoustic pressure by means of the modal Green function (eq. 3) with 30, 50 or
100 receivers in the volume.
The comparison of the structure-borne rms noise levels SPL (Sound Pressure Level) obtained with
both approaches showed in Figure 3 is very satisfactory. Differences at certain peaks can probably be
attributed to the different ways of modelling room absorption in both approaches.

Figure 3- Calculated structure-borne noise level as a function of frequency for the considered 6
walled-concrete volume case. Comparison between coupled and hybrid computations.

Using a third octave representation is more usual in building applications. Figure 4 shows the
convergence of the RMS pressure level in the volume using either 30, 50 or 100 receivers as well as
the difference between coupled and uncoupled computations of the acoustic level. Using 100 receivers
is judged satisfactory in this case, since it leads to a difference between coupled and uncoupled SPL
mostly inferior to 1 dB, thus verifying that the one way coupling is appropriate [30] for large volumes.
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Figure 4 – Variation of the third-octave structure-borne noise level with the number of receiver
positions in the volume. Left: absolute level, ○ : fully coupled. Right: difference between calculated
levels assuming one-way coupling and full coupling., □ 30 receivers, Δ 50 receivers, ◊ 100 receivers

4.2

Effect of the length Lz

To verify the influence of the length Lz of a finite structure (compared to a 2D representation in which
a structure is infinitely extended), we define a set of 3D buildings of different lengths (Figure 5) and we
call Nz the number of acoustic volumes along the z direction. The building is made of concrete (same
properties as in 4.1), and it lays on a 20-cm thick slab. To get a 3D (FEM) reference solution at moderate
CPU cost, instead of explicitly modelling the ground underneath the slab, the vertical sides of the slab
has been modelled as blocked and the internal damping of the slab has been artificially increased to a
high value of ηd=0.50 (which approximates the energy radiation into the ground). Unless otherwise
stated, walls have a thickness of 18 cm and the floors are 20 cm-thick. A vertical force is placed at the
median z position, 1 m away from the building at the top of the slab at coordinates (-1,0.2,0.). Each
volume has dimensions: Lx=2.73 m, Ly=2.6 m.
A 2.5D building refers to a building which is infinite along z. We name “duct-building”, a 3D geometry
without the transverse xy walls, having a finite length of Nz*4m (the building extends from z=-2 Nz to +2
Nz). Therefore, each 3D volume has a length of Lz=4 m along z.
In the 2.5D and 3D-duct geometries, the volumes have the same z positions as for the corresponding
3D cases, as shown in Figure 5.
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Figure 5 – Representation of the considered 2D, 3D-duct and 3D building geometries. a) generic 2D

49

geometry and volume numbering convention. b) 3D-duct geometry with N z=3 (Lz = 12 m). c) 3D
geometry (Nz=3, Lz=12 m) with 18 cm transverse walls . d) 3D geometry of a longer building (N z=11,
Lz=44 m)
The 2.5D solution calculated with Mefissto corresponds to an infinitely long structure (Lz=∞). To
evaluate the influence of the building’s finite length Lz on the resulting acoustic field in the volumes , we
have carried out a set of 3D FEM computations for buildings of varying length (Nz=3,7 and 11) without
transverse walls (Figure 5a). It is expected that, as the total 3D length Lz tends to infinity, the 3D
solutions should tend towards the 2.5D solution.
Besides, in this case the excitation force is assumed to follow a realistic train-type spectrum shape
(see in Figure 6), in which the frequency content rapidly decreases above 100 Hz. This will allow us to
estimate realistic overall dB(A) values of the structure-borne noise level in building volumes.

Figure 6 – Excitation force spectrum (in dB ref. 1N)

The fictitious 2.75D volumes correspond to the volumes of Figure 5d. Figure 7 shows calculated
third-octave levels in the 4 median volumes (same centre z position as the force) obtained with the
2.75D approach and with 3D buildings of varying length (Lz=12 m, 28 m, 44 m). One can notice that
structure-borne noise levels obtained in 2.5D (Lz=∞) and in 3D are close (within a few dBs), even for a
relatively small finite length of Lz = 12 m (Nz=3). As expected, the agreement improves as the 3D length
increases. The top right volume (numbered 202), which is further away from the excitation force, shows
the largest differences between the 3D and the 2.75D results.
The obtained noise levels show a peak at 63 Hz corresponding to the critical frequency of the 18 cm
concrete walls here considered. The sharp decrease of the SPL at higher frequencies is related to the
force spectrum employed.
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Figure 7 – Comparison of calculated third-octave structure-borne noise levels in the four median
volumes of the considered building geometries, for different building lengths: 2.75D case (Lz= ∞) and
3D cases (Lz = 12, 28, 44m). Volume numbering follows the convention given in Figure 5.
The corresponding dB(A) values and the difference Δ between 3D and 2.75D values are given in Table
1. Although, in the present case, the dB(A) is strongly controlled by the 63 Hz band, this indicator is
usually employed in building acoustics since it provides a global indication of the perceived noise levels.
Table 1 also provides the mean level difference computed between 50 Hz and 250 Hz, between a given
3D situation and the 2.75D case, defined as Dm. Since the absolute difference in the noise level values
is taken in each third-octave band; the indicator Dm is not controlled by any specific frequency band,
contrary to the dB(A) value.
One can observe an agreement within 0.8 dB(A) between the 44 m long building and the infinite 2.75D
case. The Dm indicator shows that for the longest 3D building, mean differences of about 1 and 2 dB are
obtained respectively for the front (101,102) and rear (201,202) volumes.

Volume
102
101
202
201

Lz = 12 m / Nz=3
dB(A)
Δ
Dm
64.9
-1.6
2.6
69.5
-0.7
1.3
71.4
+4.0
5.8
65.4
+6.8
3.2

Lz = 28 m / Nz=7
dB(A)
Δ
Dm
67.6
+1.1
1.4
69.2
-1.0
1.5
67.9
+0.5
2.6
61.3
+2.7
3.2

Lz = 44 m / Nz=11
dB(A)
Δ
Dm
65.7
-0.8
1.3
69.4
-0.8
0.9
67.0
-0.4
2.0
58.8
+0.2
2.0

Lz = ∞
(2.75D)
66.5
70.2
67.4
58.6

Table 1 – Comparison of dB(A), Δ and Dm values corresponding to Figure 7 results.
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4.3

Influence of the type of transverse walls

In this section, we want to assess the influence of transverse walls; for the full 3D FEM case; on
velocity levels and sound pressure levels and see the error made when these walls are not modelled.
“Duct” refers to the 3D situation (finite Lz) without transverse walls (Figure 5a). Different transverse walls
are successively considered: (GB10) 10 cm-gypsum blocks, (GB18) 18 cm- gypsum blocks, (C18) 18
cm-concrete.
Figure 8 shows the 1/3 octave rms vertical velocity of the floors for the 4 volumes and Figure 9 shows
the corresponding noise levels, assuming the longest geometry (L z=44 m). Globally, one can observe
that the 2.75D solution (in which no transverse walls are considered) is close to 3D solutions (in which
transverse walls are present), and that, as expected, the lighter the transverse walls, the better the
agreement.

Figure 8 – Comparison of calculated third-octave floor RMS vertical velocity levels in the four median
volumes of the considered building geometry (L z = 44 m), for different types of transverse walls.
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Figure 9 – Comparison of calculated third-octave structure-borne noise levels in the four median
volumes of the considered building geometry (L z = 44 m), for different types of transverse walls.
Table 2 shows the global vibration levels for the different cases and the four volumes of Figure 8. Δ
gives the difference between a given 3D situation and the 2.75D model. For instance, with transverse
walls made of gypsum blocks the value of Δ is mostly inferior to 1 dB, meaning that for light partitions
the error due the absence of these transverse partitions in the 2.5D computation is acceptable.
Table 3 provides the dB(A) levels of Figure 9. The differences Δ relative to the 2.75D results are also
provided, as well as the more global indicator Dm. Omitting 10 cm-gypsum blocks partitions shows, in
this case, an error between -3.4 and +2.2 dB(A) with an average, for the 4 volumes of +2 dB(A).

C18 44 m (3D)
Volume
102
101
202
201

Δ

dB

GB18

44 m (3D)
Δ

dB

GB10 44 m (3D)
Δ

dB

Duct 44 m (3D)
Δ

dB

73.9
-3.3
76.6
-0.60
77.0
-0.20
76.9
-0.30
74.6
-3.0
77.4
-0.20
77.6
0.0
77.4
-0.20
67.3
-5.5
71.8
-1.0
72.3
-0.50
72.8
0.0
-2.1
1.7
2.5
69.0
1.3
65.6
69.4
70.2
Table 2 - Comparison of vibration levels in dB corresponding to Figure 8 results
C18 44 m (3D)

GB18

44 m (3D)

Volume

dB(A)

Δ

Dm

dB(A)

Δ

Dm

GB10 44 m
(3D)
dB(A)
Dm
Δ

102
101
202
201

63.8
64.0
59.4
57.6

-2.7
-6.2
-8.0
-1.0

6.6
5.3
9.1
4.4

67.2
67.0
65.5
61.5

+0.7
-3.2
-1.9
+2.9

5.7
3.4
7.6
5.0

68.6
66.8
67.7
60.8

+2.1
-3.4
+0.3
+2.2

4.4
2.4
5.5
4.1

2.75D
∞

Duct 44 m (3D)
dB(A)

Δ

Dm

65.7
69.4
67.0
58.8

-0.8
-0.8
-0.4
+0.2

1.5
0.8
1.8
2.0

77.2
77.6
72.8
67.7

2.75D
∞

66.5
70.2
67.4
58.6
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Table 3 – Comparison of sound pressure levels in dB(A) corresponding to Figure 9 results

4.4

Comparison with the energy radiation model (ERM)

To assess the precision of the noise radiation models, the two radiation approaches (energy or
modal) are compared. We do so using the 3D FEM velocities in the case of 10 cm-gypsum blocks
transverse walls. For ERM computations, we use the radiation efficiency σ proposed by Maidanick for
SEA applications [28]. One should keep in mind that the ERM approach does not consider relative phase
differences between the 6 radiating surfaces.
In Figure 10, the sound pressure levels obtained using the ERM or the modal approach, with either
phase or amplitude summation, are compared. The pressure levels computed with the ERM approach,
are, at low frequencies, significantly higher than those obtained using the modal Green functions
especially if the modal summation is done in phase. Summing without phase the modal integrations of
the six walls leads to SPL spectra closer to the ERM results. Nevertheless in practice the six walls do
not vibrate independently and the phase summation should be used. A more detailed discussion about
the use of energy radiation models can be found elsewhere [16].

Figure 10 – Comparison of calculated third-octave structure-borne noise levels in the four median
volumes computed with the two radiation models (Nz=11, Lz=44 m).

The corresponding dB(A) values are given in Table 4. The values obtained with the ERM computation
are, in this case, about 4-7 dB(A) higher than the modal values.
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Vol
102
101
202
201

ERM
68.0
70.8
64.1
62.1

Modal (phase)
63.8
64.0
59.4
57.6

Difference
+4.2
+6.8
+3.7
+4.5

Table 4 – Comparison of sound pressure levels in dB(A) corresponding to Figure 10.

4.5 Influence of the excitation
In order to model a train excitation as an incoherent finite line source, we replace the single vertical force
placed at (-1, 0.2, 0.) by several forces along the z axis with a spacing of 4 m. We have considered a
44 m-long finite building, without transverse walls (duct geometry), excited either by a single force or by
11 uncorrelated forces placed along a line parallel to the building.
The corresponding 2.75D computations are done with the same number of uncorrelated forces. The
structure-borne noise level is plotted for volumes 101 and 202. Results are shown in Figure 11.
The mean error Dm, previously defined, gives values of 2 and 3 dB for both volumes with a single force
(left graph of Figure 11); these values come down to 0.9 and 0.6 dB when several uncorrelated forces
are considered. The agreement between 3D and 2.75D results is therefore better in this case, for a line
excitation than for a single force and for either volume. The line excitation is made of several incoherent
forces spread along z and thus creates a more complex incident field closer to reality. The 2.75D
approach is therefore found to be in better agreement with the full 3D model as we consider more
realistic excitations for trains.

Figure 11 – Comparison of calculated third-octave structure-borne noise levels in two median
volumes computed in 3D (44 m) and 2.75D .
Left graph: 1 force, right graph: 11 forces along z (dz= 4m)

4.6 Computations with a semi-infinite Ground
We recall that the previous computations without soil were done to have a simple and fast reference
situation for validation purposes. We now want to test the accuracy of this approximation. To do so, we
now consider the presence of a ground with the 2.75D approach. The only difference with the previous
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situation is that ground losses rather than being introduced by means of a high dissipation in the
supporting slab, are now properly modelled by introducing a semi-infinite soil. The considered soil
properties are: E=269 MPa; ρ=1550 kg/m3, η= 0.10, ν=0.257 (which corresponds to a shear velocity of
Cs=263 m/s).
Figure 12 reports the third-octave pressure levels obtained with both approaches (a slab with
different damping values of η=0.3, 0.5, 2) and the semi-infinite soil (the concrete has a loss factor of
η=0.05 as in the rest of the structure). A fairly good agreement with the full computation is observed
using η=2 for the bottom slab. This indicates that when the problem considered does not involve
propagation within the ground (excluding transfer from tunnels to buildings for instance), the presence
of the ground might be replaced by an equivalent loss factor.

Figure 12 - Comparison of calculated third-octave structure-borne noise levels in the four median
volumes for a damped slab and a slab on soil.

4.7 Comparison with the RIVAS engineering method
The European RIVAS project [2,24] was dedicated to the reduction of railway induced noise levels and,
among other results, has proposed simple formula to estimate structure-borne noise levels in buildings.
In the RIVAS approach, four transfer functions are defined: TF1 from ground at 8m from tracks to ground
at building location, TF2 from ground to building foundations, TF3 from foundation to floor (for several
types of constructions) and TF4 from floor vibration to ground borne noise. In our case, we only need
TF2, TF3 and TF4 since Mefissto will provide the surface velocity at the location of the building. Figure
13 shows, the two sets of TF functions used here in the case of a medium ground (Cs=263 m/s) and for
either house or small buildings. Note that TF1, TF2 and TF3 are based on measurements in the case
of surface excitations, whereas TF4 is a simple constant level and is based on very simple energy
radiation assumptions and is in contradiction to the previous results for low frequencies.
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Figure 13 - RIVAS corrections functions TF2,3,4 for two cases.
We want to compare full 2.75D computations, where proper coupling is modelled, with a RIVAS
estimation of the sound pressure in a simple building of different sizes, excited either by a surface or an
underground vertical excitation, respectively located at (-15,0) and (0,-20).
The ground is semi-infinite and has properties (E= 269 MPa, ρ=2440 kg/m3, ν=0.31, η=0.05).
A first computation is done without the building and the RMS vertical velocity LPsurf averaged over the
width of the building is obtained (zone with dotted lines in Figure 14). The sound pressure level
according to the RIVAS procedure is estimated as
LP = LPsurf + TF2 + TF3 + TF4

(5)

Figure 14 shows the geometry of the problem for a 4x4 set of volumes: the 2x2 and 3x3 buildings
correspond to the indices 1,2,3,4 limited respectively to 2 and 3. The house corrections are applied to
the 2x2 structure while the small building corrections are taken for the two other cases.
For a given force position, two types of excitations are applied, either a single force, or a set of 11 forces
placed every 10 m parallel to the building (along the z direction). The total force applied corresponds to
the spectrum of Figure 6 with an addition of 20 dB at all frequencies corresponding to a real suburb
train. In all cases we take the average SPL over all volumes since the RIVAS approach does not
consider individual volumes but gives an average estimation.
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Figure 14- Simple building with foundations: 4x4 volumes (or 2x2 or 3x3).

Figures 15 shows, for both excitations, the comparison of the SPL computed with ERM, the 2.75D
approach (without and with phase summation) and the RIVAS approach for the 3x3 structure in the case
of a line excitation. It seems that the simplified approaches (ERM or RIVAS) must be used with caution
or as an upper bound to actual pressure levels. The RIVAS results appear to be closer to the ERM
approach and in excess compared to the more precise 2.75D computations. The RIVAS transfer function
TF4 is even cruder than the ERM approach. Consequently, it is not surprising that at low frequencies
both the RIVAS and ERM results overestimate the SPL. As already pointed out, low frequency radiation
computations should not be done neglecting the interaction between walls.
Finally, note that the results obtained with the RIVAS corrections overestimate the SPL at the highest
frequencies in the case of a surface excitation. Computations without the two vertical foundations
showed little difference.

Figure 15 –Comparison of calculated third-octave structure-borne noise levels, averaged over the 9
volumes and estimated with the ERM and 2.75D approaches and obtained using simplified formula
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from RIVAS- 3x3 building. Line excitation. Left) Buried force at (0,-20),
Right) Surface force at (-15,0)

The dB(A) values (tables 5 and 6, respectively for the surface and the underground excitation), have
been computed for the 3 building dimensions, for the 2 force positions and either the point force or the
line excitation. These tables also give the difference with the more precise 2.75D approach. Although
the ERM pressure levels are overestimated at low frequencies, the A weighting will emphasize the mid
frequencies with a global estimation rather close to the modal computation. Note that the same total
force is applied in both cases; when that force is spread over 100 m the resultant pressure levels are
lower.
The error on the ERM results ranges between 0.5 and 2.3 dB(A). The RIVAS results are clearly better
for the surface force when looking at global noise levels (absolute error between 0.4 and 1.5 dB(A))
while for the underground excitation this error lies between 3.1 and 7.0 dB(A).
We have also observed that the closer the surface excitation to the building, the less precise the RIVAS
prediction becomes. Computations have also been done introducing a more rigid sub-layer 8 m below
the surface (E= 1000 MPa) and the conclusions remain the same.

Size

Modal

ERM

ERM~modal

RIVAS

RIVAS~modal

2x2

59.4
53.0
57.9
51.4
56.5
50.2

58.7
52.5
56.3
50.3
54.2
48.5

-0.7
-0.5
-1.6
-1.1
-2.3
-1.7

60.0
51.5
56.7
51.4
55.9
50.6

+0.6
-1.5
-1.2
0.0
-0.6
0.4

3x3
4x4

1force
Line Force
1force
Line Force
1force
Line Force

Table 5 – Comparison of sound pressure levels in dB(A) for a surface excitation. NxN volumes
(N=3,4,5) (N=3 in Figure 15).

Size
2x2

Modal
49.2
44.3

ERM
49.7
45.1

ERM-modal
0.5
0.8

RIVAS
46.1
39.7

RIVAS-modal
-3.1
-4.6

3x3

49.8
45.1

49.4
44.4

-0.4
-0.7

43.4
38.1

-6.4
-7.0

4x4

48.8
44.0

48.1
43.2

-0.7
-0.8

42.8
37.6

-6.0
-6.4

1 force
Line
force
1 force
Line
force
1 force
Line
force

Table 6– Comparison of sound pressure levels in dB(A) for an underground excitation.
NxN volumes (N=3,4,5).

5. Conclusion
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The numeric problem of structure-borne noise in buildings due to surface or underground excitations
needs a model capable of covering the 10 to 250 Hz frequency range. Using FEM/BEM models in 2D
and 3D can be respectively too imprecise or too expensive in terms of computing resources. On the
other hand, the 2.5D approach is both precise and not too computationally expensive. In order to achieve
noise radiation in 3D volumes, the 2.5D FEM/BEM approach has been coupled to a 3D modal calculation
of Green’s functions in fictitious volumes. The validity of the proposed model has been assessed against
full 3D solutions where the error due to the missing transverse xy partitions has been found to be
acceptable in the case of lightweight transverse walls. Using a simple energy-like radiation model has
been found to be much less satisfactory than the computation based on the full 3D modal description of
the volumes.
The RIVAS engineering approach, which is based on a set of transfer functions, has also been
compared to the 2.75D approach. This approach is based on measurements for the structural
transmission chain and on a simple constant value, derived from energy considerations for noise
radiation. This simple engineering approach has been found to overestimate the sound pressure levels
at low frequencies but to predict reasonable dB(A) levels for a surface excitation (mostly within 1 dB(A)).
This technique was found to be less precise for underground excitations, underestimating the global
pressure levels by 3 to 7 dB(A), this being only indicative of the situations here considered.

References
[1] L.G Kurtzweil: Ground-borne noise and vibrations from underground rail systems. J.of Sound and Vib. 55
(1979) 363-370
[2] RIVAS Deliverable 1.4 (access on web site): “Review of existing standards, regulations and guidelines as
well as laboratory and field studies concerning human exposure to vibration”.
[3] A. Trochides: Ground-borne vibrations in buildings near subways. App. Acou. 32 (1991) 289-296
[4] P. Jean, M. Villot: SEA a tool to study structure-borne transmission in buildings constructed above covered
railways. Euronoise 1998, Tampere, Finland, Proceedings.
[5] D.P. Connoly et all: Benchmarking railway vibrations – Track, vehicle, ground and building effects. Const.
& Build Mat. 92 (2015) 64-81
[6] G. Lombaert, G. Degrande, S. François, D.J.Thompson : Ground-borne vibration due to railway traffic. A
review of excitation mechanisms, prediction methods and mitigation measures. Notes on Num. Fl. And Mult.
Design Mech. 126 (2015) 253-287
[7] P. Lopes et all: Numerical modelling of vibrations induced by railway traffic in tunnels: from the source to
the nearby buildings. Soil Dyn. & Earthq Eng. 61-62 (2014) 269-285
[8] X. Sheng, C. Jones, D. Thompson: Prediction of ground vibration from trains using the wavenumber finite
and boundary element methods. J. Sound Vib. 293 (2006) 575–86.
[9] J. O’Brien, D. Rizos: A 3D BEM–FEM methodology for simulation of high speed train induced vibrations. Soil
Dyn. Earthq. Eng. 25 (2005) 289–301.
[10] L. Andersen, C.Jones: Coupled boundary and finite element analysis of vibration from railway tunnels – a
comparison of two and three-dimensional models. J. Sound & Vib. 293 (2006) 611-625
[11] K.H. Chua, K.W.Lo, T.Balendra: Building response due to subway train traffic. J.of Geot. Eng. 121 (1995)
747-754
[12] P. Jean, C. Guigou, M. Villot: A 2.5D BEM model for ground structure interaction. Building Acoustics.
11(3), (2004) 157-163.
[13] P. Galvin et all: A 2.5D FE-BE model for the prediction of railway induced vibrations. Soil Dyn & Earthq.
Eng. 30 (2010) 1500-1512
[14] A. Colaço et all: Mitigation of vibrations and re-radiated noise in buildings generated by railway traffic: a
parametric study. Proc. Eng. 199 (2017) 2627-2632
[15] P. Jean: Computing vibration transfer from trains to buildings by means of 2.5 and 2.75D models. Internoise
2016, Hamburg, Germany, Proceedings.

60

[16] M. Villot, P. Jean, L. Grau, S. Bailhache: Predicting railway-induced ground-borne noise from the vibration of
radiating elements using power-based building elements. Intern. J. of Rail Transp. (2017)
[17] M. Villot , P. Ropars, P. Jean: Modeling a building response to railway vibration using a source-receiver
approach. Eurodyn 2014, Porto, Portugal, Proceedings.).
[18] M. Villot, P. Jean: Railway vibration: Predicting the field performances of mitigation measures in buildings.
Eurodyn 2014, Porto, Portugal, Proceedings.
[19] G. Degrande et all: A numerical model for ground-borne vibrations from underground railway traffic on a
periodic finite element-boundary element formalism. J. Sound & Vib. 293 (2006) 645-666
[20] P. Jean: Boundary and finite elements for 2D soil structure interaction problems. Acta Acustica. 87 (2001)
56-66.
[21] P. Jean: A 3D FEM/BEM code for ground-structure interaction: implementation strategy including the multitraction problem. Eng. Anal. with Bound. Elem. 59 (2015) 52-61
[22] M. Villot, P. Jean et all: Characterization and prediction of vibration emission f1rom railway lines in tunnels –
Part 1: Characterization. ICSV 2016, Athens, Greece, Proceedings
[23] C. Guigou, M. Villot, P. Jean et all: Characterization and prediction of vibration emission from railway lines in
tunnels – Part 2: Prediction. ICSV 2016, Athens, Greece, Proceedings
[24] M. Villot, S. Baillache, C. Guigou, P. Jean: Prediction of railway induced vibration and ground borne noise
exposure in building and associated annoyance. IWRN11, 2013, Uddevalla, Sweden, Proceedings.
[25] A.J. B Tadeu, E. Kausel: Green’s Functions for two-and-a-half-dimensional elastodynamic problems. J. Eng.
Mech. 126(2000)1093-1097.
[26] X. Sheng, C.J.C Jones, D.Thomson: Modelling ground vibration from railways using a wavenumber finiteand boundary-element methods. Royal Proc 461 (2005) 2043-2070
[27] G. Deng, C.G. Li, S.L. Wang, H. Tang, H. Zheng: A new method to the treatment of corners in the BEM. Eng.
Anal. Bound Elem. 37(1) (2013)182-186.
[28] G. Maidanick: Response of ribbed panels to reverberant acoustic field. J Am. Soc of Acoust. 34(6) (1962)
809-826
[29] I.L. Ver, C.I. Holmer: Interaction of sound waves with solid structures, chapter 11 in Noise and Vibration
Control, edited by LL. Beranek, McGraw-Hill (1971), 296-305
[30] P. Jean, J-F. Rondeau: A simple decoupled modal calculation of sound transmission between volumes.
Acta Acustica 88 (2002) 924-933.
[31] Mefissto web address: editions.cstb.fr/Products/MEFISSTO

61

VIBRATION EMISSION FROM RAILWAY LINES IN
TUNNEL – PART 1: CHARACTERIZATION
Eric Augis1, Michel Villot2, Philippe Jean2, Simon Bailhache2, Cédric Gallais1,
Pierre Ropars1 and Catherine Guigou-Carter2
(1) SYSTRA, 72 Rue Henri Farman, 75513 Paris Cedex 15, France
(2) CSTB, 24 rue J. Fourier, 38400 St Martin d’Hères, France

e-mail: catherine.guigou@cstb.fr and eaugis@systra.com

62

A method for characterizing and predicting vibration emission from railway lines in tunnels is
presented in two companion papers: This paper corresponds to Part1 and is mainly focused on
experimentally characterizing existing situations, while Part 2 concentrates on how to predict a new
situation from a measured existing one. It is fair to assume that railway vibration emission in tunnel can
be assimilated as a line of uncorrelated forces applied to the tunnel invert. The principle of the
characterization method presented consists in measuring both the tunnel vibration response during train
pass-by events, as well as the tunnel effective mobility (mobility combining point and transfer
mobilities), from which the line of uncorrelated forces characterizing the source can be calculated.
Results from field measurements are presented, first for the case of urban train operations over a resilient
track section without discontinuities, and then for the same trains passing over switches and crossings.
The capacity of a field calibrated 2D ½ BEM FEM tunnel/ground model to extrapolate tunnel mobility
data at the lowest frequencies, where signal to noise ratio problems may occur, is also presented. The
paper demonstrates the advantages of an original method rationally combining field tests and appropriate
numerical data to properly characterize the vibration emission which is a key data to enable reliable
simulations of ground borne noise and vibration inside buildings located in the impact zone of a new
railway line.

1. Introduction
The Grand Paris Express (GPE) is a new public transportation network which is composed of about
200kms of new lines (4 lines & 2 extensions). Up to 90% of the network consists of new tunnels, a major
part in densely populated areas. In order to control the risk of impact due to the ground borne noise and
vibration induced by metro operations in the buildings situated in the influence zone, a global
Management Plan has been defined and implemented by Société du Grand Paris (SGP) i.e. the
contracting authority in charge of the design and construction of all the infrastructures and systems of
the GPE.
One of the key milestone of this plan is the characterization of a reliable set of vibration emission data,
i.e. representative of the designed infrastructure and system for the GPEM. To help reach this objective,
SGP permitted to organize field tests in the tunnel of a commuter line whose train/track/tunnel
characteristics are rather similar to those of the GPEM.
Vibration emission from railways is often characterized by a line of uncorrelated forces as described in
the “FTA manual” [1], which depends on train, tracks and supporting ground (or tunnel in ground) and
which can be used as input data in models calculating vibration propagation on ground surface (or from
tunnel to ground surface). This paper shows how to directly estimate this line of uncorrelated forces for
a given situation from field measurements in the case of railway lines in tunnels.

2. Principle of vibration emission characterization
The principle is the following: The vibration velocity response vrms,i of the tunnel invert measured at one
location i during train pass-by events being the result of uncorrelated forces F applied on the tunnel
invert along the railway line, this response can be estimated from the magnitude of these forces and a
quantity called effective mobility Yi combining point and transfer mobilities at the same location i [2]
according to:

2
2
vrms
,i = Frms .( Yii +  Yij ) = F . Yi
2

2

2

2

(1)

j

The effective mobility can be measured on site and equation (1) is used to estimate the force from the
velocity response of the tunnel invert. Obviously, the spatial resolution used to measure the effective
mobility and the spatial distribution of the un-correlated forces must be the same. Moreover, the tunnel
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invert velocity response usually being expressed as rms value averaged over a certain duration, the
corresponding forces must be then distributed over a length equal to the distance travelled by the train
during the same duration.

3. Application to an existing tunnel line
The method is applied to an existing commuter line operating in a double track tunnel at an average
speed of 60 km/h.

3.1 Description of the train/track/tunnel configuration measured
The tunnel section is near cylindrical. Its structure is composed of a concrete slab (maximal thickness:
2.4m on the tunnel axis) and walls are made of concrete voussoirs with an approximate thickness of
0.75m. The track consists of UIC60 rails fastened on concrete sleepers with underlying resilient layers.
The distance between supports is 0.6 m. The train is composed of five cars (3 trailers + 2 powered cars)
with two bogies per car. The total length is higher than 120m. The unsprung masses are 2.3t/axle for
the powered bogies and 1.8t/axle for the trailer bogies. The car masses in nominal load conditions are
around 65t (trailer) and 85t (powered).

3.2 Measurement campaign and results
A specific measurement procedure and signal processing technique was established for estimating the
tunnel invert driving-point and transfer mobilities (in narrow bands) and the tunnel invert velocity
response.
Two sections, 10m distant from each other, were instrumented, so that it was possible to check the
reproducibility of the vibration response (no local effect has been experienced)..

Figure 1: Measurement transducers set-up – Straight line section
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3.2.1

Mobility results

Results, given in Fig. 2, are
expressed in terms of
accelerance
(acceleration
response to a unit force) in
narrow bands at different
distances for a unit force
applied to the tunnel invert
using a 5 kg impact hammer
(unit: m/Ns2).
The results show signal to
noise ratio problems for
values below 2.10-6 m/Ns2;
there
is
a
need
for
extrapolating data, which has
been
performed
using
numerical modelling (see
section 3.3).

Figure 2: Measured tunnel invert mobilities, expressed in terms
of acceleration response to a unit force, at 0m (black), 1.5m
(red), 3m (green), 5.5m (blue) and 9m (purple)

3.2.2 Tunnel velocity response
Tunnel vibration velocity levels are expressed in dB levels per 1/3-octave band. Two different
approaches were adopted by Systra and CSTB.
Systra: Velocity levels on tunnel invert are calculated for successive blocks of 1sec (LVeq,1sec). An
example of time evolution of vibration velocity measured on the rail for one train running at 60km/h is
plotted in Fig. 3. At 60 km/h, the distance covered by one train in one second is 16.7m, which is close
to the length of one car. Therefore, velocity levels integrated over 1sec time periods approximately
corresponds to the passage of one car or 4 axles. Fig. 3 also illustrates the effect of one (or several)
wheel flat(s) on the 16th bogie passing in front of the transducers section.
Vertical rail vibration velocity – 60km/h

Particle velocity (m/s)

Tp : duration of the pass-by

1 sec
Effect of a wheel flat

Recording time (sec)

Figure 3: Time evolution of the rail vertical particle velocity (illustration of the effect of a wheel flat).
A statistical analysis of the velocity levels measured on the tunnel structure has been performed. The
50th and 80th percentiles of LVeq,1sec, respectively noted L20 and L50 have been calculated for each
passage. Then, the average of these values for 20 passages have been determined. Fig.4 presents a
comparison of L20 and L50 with the LVeq,Tp (Tp: time duration of a whole passage) levels. The good
matching between these three values indicates a high reproducibility of vibration emissions for the
successive train passages, and for all the 1sec periods of each train passage, except for bogies with
flats on wheel(s). The quantity selected by Systra for the determination of the force levels is the 80 th
percentile of LVeq,1sec (L20) which is more conservative than the L50 and the LVeq,Tp.
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Figure 4: Vibration velocity level on slab and sidewall, average over 15 train passages
(green: LVeq,T, red: L20, blue: L50)
The
(CSTB)
tunnel
velocity
response
is
expressed as rms values
averaged over each train
passage and given Fig. 5
in statistical terms of mean
value
and
standard
deviation estimated over
15 train passages.

Figure 5: 1/3 octave velocity levels of the tunnel invert during train passby events (mean value and standard deviation)

3.3 Use of a tunnel/ground numerical model (CSTB)
A 2D ½ FEM BEM tunnel/ground model (CSTB MEFISSTO Software) has been used to improve the
measured data of tunnel effective mobility as well as to better understand the tunnel response to train
traffic.
3.3.1 MEFISSTO software
MEFISSTO is a ground structure vibration interaction model [3] developed at CSTB, combining
Boundary Elements (BEM) for ground and Finite Elements (FEM) for structures. The model is used in
2D ½, the structures (tunnel) being infinite in one direction (tunnel axis). The model input data are the
geometry of the configuration studied (thickness of the ground layers and tunnel shape and thickness)
and the material dynamic properties (Young modulus, density, Poisson ratio and loss factor).
3.3.2 Tunnel mobility calculation
Knowing the model input data of the tunnel/ground configuration measured, MEFISSTO has been used
to numerically estimate the tunnel invert mobilities. The soil layering and dynamic properties were known
so that it has been possible to properly simulate the tunnel response.
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The results given in Fig. 6 show calculated values very close to the measured ones at high frequencies;
they also show a linear decrease toward the low frequencies, which allows extrapolating the measured
data of Fig. 2 linearly toward the low frequencies.
The results can be expressed in terms of effective mobility; however, since the distances dj between
measurement locations are different, Eq. (1) must be weighted, leading to:

Yi  =

Y

ij

2

.d j

(2)

j

Accélérance [m/(Ns²)]

Accélérance [m/(Ns²)]

The above quantity is given in m 3/2/sN and corresponds to the ratio between the tunnel velocity in m/s
and the force density applied to the tunnel in Nm -1/2.
The effective mobilities estimated using Eq. (2), either from mobility measurements or from mobilities
numerically calculated using MEFISSTO, are compared on Fig. 4, expressed in terms of acceleration
response to unit force; similar values are obtained except at low frequencies where the measured values
are erroneous.

Fréquence [Hz]

Figure 6: Calculated tunnel invert accelerance,
at 0m (black), 1.5m (red), 3m (green), 5.5m
(blue) and 9m (purple)

Fréquence [Hz]

Figure 7: Effective accelerance. Comparison
between measured (black) and numerically
calculated (red) results.

The model also shows that if the spatial resolution used in the transfer mobility measurements is
increased, the calculated tunnel effective mobility becomes lower, down to a limit spectrum obtained by
replacing the summation in Eq. 2 by an integral. This limit spectrum, given on Fig. 8, has been used to
estimate the force density spectra characterizing the existing tunnel railway line tested (see section 4);
it should be noted that its value is rather close to the tunnel point mobility.
3.3.3 Tunnel response
During each train pass-by event and for 15 train passages, the velocity levels of both the tunnel invert
(vertical velocity) and the tunnel wall (horizontal velocity) have been measured so that their velocity level
difference could be statistically estimated, the statistics including also several measurement locations
on the tunnel. The results are given on Fig. 9 and compared to the same quantity numerically calculated
using MEFISSTO and assuming the tunnel excited by a line of un-correlated forces.
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Figure 9: Velocity level difference between
tunnel invert and tunnel wall; comparison
between measured and calculated results.

Figure 8: Tunnel effective mobility; limit
spectrum numerically calculated

The results show that the calculated values are reasonably close to the measured values within 5 dB,
except at frequencies around 1/3-octave 6.3 Hz, where the level difference is higher, probably due to
the moving static load effect, generating a non-propagating vibrational field on the tunnel invert which
does not affect the tunnel wall (at least its horizontal velocity).

3.4 Use of an experimental approach (Systra)
3.4.1 Principle
The vibration velocity of the tunnel invert used by Systra for the determination of the force levels is the
L20 value or the 80th percentile of LVeq,1sec. By assuming that at 60km/h this level is the contribution of
the passage of 4 wheelsets (see Fig. 3), the force level determined by Systra (LFa,1sec representative of
the contribution of the passage of one axle during 1 sec), is defined as follows:

𝑳𝑭𝒂,𝟏 𝒔𝒆𝒄 = 𝑳𝑽𝒆𝒒,𝟏𝒔𝒆𝒄 − 𝟐𝟎 × 𝒍𝒐𝒈(𝒀𝒓,𝒊 ⁄𝒀𝟎 ) − 𝟏𝟎 × 𝒍𝒐𝒈(𝑵𝒂 )
𝟏

𝟐

𝒀𝒓,𝒊 = 𝑵 √∑𝑵
𝒋 |𝒀𝒊𝒋 |

(3)
(4)

𝑌𝑟,𝑖 is the mean transfer mobility at position i, over a distance of 16.7m centred on the observation point,
𝑌𝑖𝑗 is the point transfer mobility at observation point i for a force position 𝑥(𝑗) ∈ [−8.35; +8.35], 𝑌0 =
10−6 ⁄5 × 10−8 = 20 𝑁 ⁄(𝑚⁄𝑠) is the reference transfer mobility. Na is the number of axles contributing
to the vibration velocity level LVeq,1sec (or number of passing axles during 1sec).
Finally, it is then possible to derive the force density level using the following relation:

𝑳𝑭𝒅,𝟏 𝒔𝒆𝒄 = 𝑳𝑭𝒂,𝟏 𝒔𝒆𝒄 − 𝟏𝟎 × 𝒍𝒐𝒈(𝒅)

(5)

d = 16.7m is the distance covered by the train within 1 sec.
Given the linear decrease of accelerance (and mobilities) toward low frequencies (see section
3.3.2), it is easy to deduce values in the 1/3-octave bands where levels are erroneous. The average
representative mobilities Yr,i on tunnel invert and wall are plotted Fig. 10.
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Average representative mobility on slab and sidewall (Excitation on slab)
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Figure 10: Average representative transfer mobility on tunnel invert and wall (from measurement)
3.5 Resulting force density spectrum (CSTB/Systra comparison)
The resulting force density spectrum can now be estimated from the tunnel invert response given in Fig.
5 and the tunnel effective mobility (limit spectrum) given in Fig. 8, leading to the force density levels
given in Fig. 11 and calculated according to Eq. (6) below, where the effective mobility is expressed in
m3/2/sN and the force density and velocity levels given in dB ref. 10-6 N and 5.10-8 m/s respectively:

LF = Lv − 20 lg( Y  ) − 26

(6)

Fig. 11 reveals a good agreement between force density levels given by both approaches.

Figure 11: Force density levels on slab characterizing the tested tunnel line excitation @ 60 km/h

4. Application to tunnel line with switches
4.1 Principle of the characterization method
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In the case of tunnel lines with switches, the method is adapted as follows: the vibration response of the
tunnel invert is measured both at the crossing level (crossing gap) and at a section about 20m away
(current line conditions); the ratio between the forces applied to the tunnel invert (point force for the
crossing and force density for the current line) is approximated from the ratio between the tunnel velocity
responses at the two locations, corrected by the ratio of the tunnel point mobilities measured at the
same locations. The result is expressed as an amplification function in dB to be applied to the force
density level (current line) to obtain the point force level to apply at the crossing. This simple
approximation does not take into account the train type and speed, or the geometry of the switch (gap
width) and its mounting on the tunnel invert.

4.2 Application to an existing tunnel line with switches
4.2.1 Description of the tests
Measurements were performed on two
sites on the same commuter line with the
same type of switch (see Photo 1). On one
site, the train circulates at a constant
speed of 60 km/h. On the second site close
to a station, the train is in a deceleration
phase from about 50 km/h (front axle) to
about 20km/h (rear axle). For both sites,
the switch is supported by long concrete
sleepers with a thin elastic layer
underneath. The track invert consists of a
thick concrete slab (no ballast).

Photo 1: View of the switch

4.2.2 Measurement campaign and results
For each site, the vibration response of the tunnel invert has been measured in two sections; the first
section (S1) is in front of the gap of the switch; the second section (S2) is about 20m away from the gap.
Note that the trackform is unchanged between both sections (except for the rail). The measurement
procedure consisted in measuring the vibration levels on both sections for about 12 passages. In both
sections, point mobilities of the tunnel invert (YS1 and YS2) were also measured.
The amplification function represents the difference between the force density applied to the tunnel
invert over the switch area (apart from the section of the gap) and the punctual force on the tunnel invert
when the wheel passes the gap. Given that the punctual mobility of the invert is close to the effective
mobility (see section 3.3.2), it is possible to define the amplification function LF as follows:

𝑳𝑭 = (𝑳𝑽 𝑺𝟏 − 𝑳𝑽 𝑺𝟐 ) − 𝟐𝟎 × 𝒍𝒐𝒈(𝒀𝑺𝟏 ⁄𝒀𝑺𝟐 )
The resulting measured amplification functions were quite similar for both sites, thus leading to the single
typified amplification function given on Fig. 12.
Typified amplification function of force levels when passing a switch
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Figure 12: Typified amplification function in dB obtained.

5. Conclusions
As part of the management plan defined by Société du Grand Paris aiming at controlling the risk of
impact due to the vibrations induced the operation of Grand Paris Express metro, field tests in-side a
tunnel of a commuter train line have been performed to properly characterize a set of vibration emission
data.
Force density levels applied on the tunnel invert is a relevant quantity to characterize the vibration
emissions induced by the metro. The methodology used to determine this quantity consists in measuring
and analysing rms velocity levels on the tunnel structure (invert and/or sidewall) and a set of transfer
functions. Using a 2D ½ FEM-BEM model of the tunnel structure coupled to the soil is beneficial,
especially to extrapolate missing transfer mobility values at low frequencies where the signal-to-noise
ratio is generally low and also to determine the effective mobility of the tunnel which is necessary to well
determine the force density level.
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A method for characterizing and predicting vibration emission from railway lines in tunnels
is presented in two companion papers: This paper corresponds to Part 2 and concentrates
on how to predict a new situation from a measured existing one, while Part 1 is mainly
focused on experimentally characterizing an existing situation. The transfer of an existing
situation to a new one is performed using two different simplified 2D models representing
the train/track/tunnel system: one is analytical (software MOTIV, developed at SYSTRA)
with the train represented by a set of springs and masses, and the other is based on the wave
approach (software VibraFer, developed at CSTB) with the train represented by its unsprung mass. The situation change is expressed in terms of difference in the force density
applied to the tunnel invert between the original and the new situations, the source being
characterized by a line of un-correlated forces. An existing situation has been
experimentally characterized (see Part 1) through measurements of both a set of track and
tunnel transfer mobilities, as well as the track and tunnel vibration responses during train
pass-by events. The track models are first calibrated from these measurements and then
used to estimate the difference in force density applied to the tunnel between a new
situation and the original one. A new situation can include changes in train types, train
speed, rail/wheel unevenness, track system and tunnel mobility.

1. Introduction
As part of the Grand Paris Express (GPE) metro project, a complete management plan for controlling
the risk of impact due to the ground borne noise and vibration induced during the metro operations in
the buildings situated in the influence zone of the future metro lines, has been defined and implemented
by Société du Grand Paris (SGP) i.e. the contracting authority in charge of the design and construction
of all the infrastructures and systems of the GPE.
One of the key milestones of this plan is the characterization of a reliable set of vibration emission data,
i.e. representative of the designed infrastructure and system for the GPE. To help reach this objective,
SGP made possible the organization of field tests and allowed predictions performed using two different
approaches in order to cross validate the results.
A companion paper [1] (Part 1) shows how vibration emission from railway lines in tunnel can be
characterized on site by a line of uncorrelated forces applied to the tunnel invert. The corresponding
force density can be estimated from measured values of both the tunnel invert vibration velocity
response and its effective mobility. This paper (Part 2) is focussed on how to predict a new situation
(new train, speed, track system and tunnel) from an existing one already characterized in terms of force
density applied to the tunnel, using two different simplified 2D train/track/tunnel models to calculate the
change in force density. The two models are briefly described in section 2 and then calibrated/validated
(section 3) from field measurements performed during the measurement campaign partially described
in Part 1. The two models are then used to predict a new situation where train, speed, track system and
tunnel will be different (section 4).

2. 2D models used
Two simplified 2D train/track/tunnel models have been used to estimate the force density applied to the
tunnel:

•

The S-RIV software, developed and used at SYSTRA is an analytical model simulating
the track/train dynamic interactions due to an unevenness excitation acting at the wheelrail con-tact area. This model and the solving method are similar to those used in the
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TWINS soft-ware [5], [6]. The rail is an infinite beam lying on continuous spring-massspring layers re-spectively representing the railpad stiffness, the sleeper mass, and the
underlying resilient layer. The tunnel is assumed to be rigid. The train is modelled using
a set of springs and rig-id masses representing car bodies, bogies, wheel sets (unsprung
masses) and connecting suspensions. The excitation quantity (input) is the combined
track-train unevenness and the output is the force f(x) applied to the ‘rigid’ slab at any
longitudinal position x. The force level is obtained by integrating f(x) over a selected
distance (centred on the contact point) corresponding to that covered by one wheel
during a certain duration, (generally 1sec). A schematic drawing of the model is given
in Fig. 1.
•

The VibraFer software, developed and used at CSTB [2], is a model based on the wave
approach, where (i) the rail is an infinite beam on a continuous multi-layered support
representing under rail pads, sleepers and under sleeper pads, (ii) the tunnel (and
surrounding ground) is represented by its line mobility calculated in the wave number
domain using a 2D ½ BEM FEM numerical model (MEFISSTO software [3]) briefly
described in Part 1, and (iii) the train is simply modelled using its unsprung mass. A
schematic drawing of the model is given in Fig. 2. A known rail / wheel unevenness
leads to the determination of the forces applied to the rail and the tunnel invert as well
as the vibration velocity responses of the track components (rail, sleepers and tunnel
invert). It is important to note that in VibraFer, the excitation is represented by a line of
uncorrelated forces applied to the rail and the output quantity is the tunnel invert
resulting velocity response at one location, which is obtained by integrating the
calculated squared magnitude of the tunnel velocity along the track when the rail is
excited at one location. This output quantity can be identified with rms values of the
tunnel response, calculated during train pass-by events. This response at one location
can then be estimated by any tunnel/ground model, the tunnel being excited by a line of
uncorrelated force having the force density calculated by VibraFer and a length
corresponding to the length of the train.
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Figure 2: Model developed in VibraFer.

Figure 1: Model developed in S-RIV.

3. Calibration/validation of the models
First, the models have been calibrated / validated from field measurements performed during the
measurement campaign partially described in Part 1. The track system is similar to the one shown in
Fig. 2 and the trains have an unsprung mass of 1030 kg per axle and per rail, and the train speed is 60
km/h.

3.1 Track parameters
The track parameters have been adjusted as follows:

•

Rail and sleeper were known, as show in Table 1
Table 1: Track dynamic characteristics
Component
Rail
Sleeper

•

Mass per unit length
(kg/m)
60
166

Bending stiffness
(MN/m2)
-

Loss factor (%)
0.1
-

The un-loaded track parameters (stiffness of under rail pads and under sleeper pads)
have been estimated from field measurements of the rail point mobility, which is
compared to the same quantity calculated using the two models (as shown in Fig. 3,
expressed in terms of re-ceptance), in order to identify the proper track parameters, that
lead to the same resonance frequencies. The values obtained are given in Table 2; similar
values are obtained.
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Figure 3: Rail receptance; comparison between measured and calculated values.
Table 2: Unloaded track dynamic characteristics
Component

VibraFer (CSTB)

S-RIV (SYSTRA)

Under rail pads
Under sleeper
pads
Under rail pads
Under sleeper
pads

Dynamic stiffness
per unit length
(MN/m2)
825
23

Dynamic stiffness
per sleeper
(MN/m)
495
14

Loss factor (%)

-

480
16.5

0.25
0.35

0.15
0.45

•

The loaded under sleeper pad dynamic stiffness has been estimated from measurements in
1/12 octave bands of the rail velocity response during train pass-by events and
identification of the resonance frequency associated with the under sleeper pads (as shown
in Fig. 4).

•

The under rail pad loaded stiffness has been estimated from the unloaded stiffness using
an amplification factor of 1.15.

The loaded track parameters are given in Table 3.
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Figure 4: Rail velocity response in 1/12 octave bands; identification of the under sleeper pad
resonance frequency using VibraFer (not calibrated yet)

Table 3: Loaded track dynamic characteristics
Component

VibraFer (CSTB)

S-RIV (SYSTRA)

Under rail pads
Under sleeper
pads
Under rail pads
Under sleeper
pads

Dynamic stiffness
per unit length
(MN/m2)
92

Dynamic stiffness
per sleeper
(MN/m)
550
55

Loss factor (%)

-

550
50

0.25
0.35

0.25
0.40

3.2 Model calibration / validation
Two different methods have been used in calibrating/validating the models: (i) the approach used by
CSTB consisted in indirectly determining the rail/wheel unevenness wavelength spectrum using the
tunnel invert velocity response measured during train pass-by events as input data to VibraFer, and in
comparing the result to rail/wheel unevenness wavelength spectra measured on site as well as known
typical spectra, to validate the model; the validated model was then used to estimate the force density
applied to the tunnel in the situation of the site tested; (ii) the approach used by SYS-TRA consisted in
measuring on site the rail unevenness, considering a combined rail-wheel unevenness derived from
measured rail unevenness and typified wheel unevenness from RIVAS [7], and calculating the force on
tunnel invert for one wheel using S-RIV over a 1sec period; the force applied by one axle is then
converted into a force density using Eq. (4) in Part 1 [1] and compared to the force density directly
estimated from field measurements as described in Part 1.
The unevenness of the track was measured using the CAT system developed by Rail Measurement Ltd
over a 200m section centred to the instrumented area
3.2.1 CSTB approach
VibraFer has been calibrated using the measured tunnel invert (vertical) velocity response during train
pass-by events (as shown in Fig. 2 in Part 1) as input data. The rail/wheel unevenness obtained is, like
the tunnel velocity response measured on site, expressed statistically in terms of mean value and
standard deviation. It is compared in Fig. 5a to typical values found in existing ISO standards or in the
literature [4]; the values obtained are quite realistic. It should be noted that this apparent rail/wheel
unevenness (i) is no longer valid below 16 Hz (1m of wavelength at 60 km/h), where the train cannot be
simply represented by its unsprung mass, (ii) is close to the rail unevenness directly measured on site
(as shown in Fig. 5b), except at high frequencies where the wheel unevenness in-creases the total
unevenness, and (iii) takes into account all the phenomena, including the parametric excitation.
The force density applied to the tunnel invert was then calculated using VibraFer, leading to the
spectrum given in Fig. 6 and expressed statistically, like the rail/wheel unevenness, in terms of mean
value and standard deviation. The results are practically identical to the ones directly measured on site,
since the model is calibrated from the tunnel measured velocity response and the tunnel mobility used
in the model is very close to the measured one as shown in Part 1 [1].

77

Figure 5: Rail/wheel unevenness compared to typical values (5a) and to rail unevenness values
measured on site (5b); the typified unevenness spectrum used in prediction is also given (5b)

Figure 6: 1/3 octave spectra of the force density applied to the tunnel tested (train speed: 60
km/h); comparison between measured values (blue) and values calculated using VibraFer (red).
3.2.2 SYSTRA approach
The rail unevenness directly measured on site (as shown in Fig. 5b) is used as input data in S-RIV to
calculate the force applied to the tunnel invert (by one axle) averaged over a 1sec period. The force
spectrum is then compared to the same quantity directly estimated from measurement on site as
described in Part 1. The results, given in Fig. 7, show values close to each other within 5 dB except at
low frequencies (below 25 Hz), where the effects of parametric excitation (not taken into account in the
model) are probably noticeable on the one hand, and the assumption of rigid tunnel invert is no longer
valid on the other hand.
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Figure 7: 1/3 octave spectra of the force density on tunnel invert for the test track @ 60

km/h; comparison between measured and calculated (S-RIV) values

4. Transfer from one situation to another
From the situation measured, a new situation has been defined from the track parameters given in Table
4 and corresponding to a higher performance, a train unsprung mass assumed to be 812 kg and a train
speed of 110 km/h. The tunnel and surrounding ground are assumed to be similar to the one measured.
Table 4: Track parameters of the situations considered.

Component

Characteristics

Track measured

New track

Rail UIC60

Mass per unit length [kg/m]
Vertical flexural stiffness EIv [Nm2]
Shear coefficient  [-]
Poisson ratio  [-]

Rail pad

Distance between sleeper [m]
Loaded vertical dynamic stiffness [kN/mm]
Damping factor v [-]

0.6
550
0.25

0.65
200
0.25

Sleeper

Complete sleeper mass [kg]

200

200

Under sleeper pad

Loaded vertical dynamic stiffness [kN/mm]
Damping factor v [-]

50
0.35

17
0.30

60
6.4 x 106
0.4
0.3

Two different approaches have been used to estimate the force density applied to the tunnel invert in
the new situation:

4.1 CSTB approach
VibraFer has simply been used to calculate the force density applied to the tunnel with the parameters
corresponding to the new situation, leading to the force density spectra shown in Fig. 8. It should be
noted that a typified rail/wheel unevenness spectrum (as shown in Fig. 5) is used, leading to a rather
smooth spectrum.
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Figure 8: 1/3 octave spectra of the force density applied to the tunnel in the new situation

considered; comparison between the CSTB (black) and SYSTRA (blue) approaches.
4.2 SYSTRA approach
The force density spectrum of the new situation have been obtained from the force density spectrum of
the measured situation, to which an insertion loss corresponding to the change in force density between
the new situation and the measure one, calculated by S-RIV, has been applied. The increase of speed
(from 60 to 110 km/h) is then taken into account by properly frequency translating the rail/wheel
unevenness. The results are shown in Fig. 8 and compared to the CSTB results: The spectra are rather
close, thus cross validating the two approaches.

5. Conclusion
As part of the management plan defined by Société du Grand Paris aiming at controlling the risk of
impact due to the vibrations induced the operation of Grand Paris Express metro, field tests in-side a
tunnel (presented in Part 1) as well as prediction of a new situation from the measured one (presented
in this part) have been performed to properly characterize and predict vibration emission data.
In this paper, vibration emission is characterized by a line of uncorrelated forces to apply to the tunnel
invert over the length of the train. The transfer from one known situation to a new one is per-formed
using two different models representing the train/track/tunnel and calculating the change in terms of
force density applied to the tunnel. The force density spectra of a new situation, estimated by the two
models, are rather close (within 5 dB), thus cross validating the two approaches. This comparison also
allows clearly showing the respective limits of these two models, differently simplified.
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